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Abstract

We develop a theory of credit cycles based on forward-looking corporate credit demand:
investment creates growth opportunities that require future financing, so current borrowing de-
pends on future credit supply. When intermediaries face external financing constraints, negative
shocks have persistent effects and create a trap: anticipating intermediaries to stay undercapital-
ized and future credit to be tight, firms cut investment today, which depresses loan demand and
intermediaries’ profits precisely when they need profits to rebuild capital internally. Subsidized
government lending to firms backfires: by absorbing credit demand, it slows the rebuilding
of intermediary capital. Following positive shocks, the same mechanism generates procycli-
cal intermediary risk-taking and leverage until firms’ debt capacity, rather than intermediaries’
lending capacity, becomes the binding constraint, at which point intermediary leverage turns
countercyclical. This non-monotonic leverage cyclicality generates a bimodal stationary distri-
bution of economic states, with stagnant crises and stable booms. We provide evidence on both

the forward-looking nature of firms’ credit demand and the intermediary leverage dynamics.
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1 Introduction

The literature on credit cycles since the Global Financial Crisis has been shaped by the U.S. mort-
gage crisis. In recent years, corporate capital expenditure has once again become a primary driver
of economic growth, increasingly financed by credit from both banks and non-bank intermediaries.
This paper turns to the next crisis: what if its catalyst is corporate investment rather than home
purchases? We develop a theory of credit cycles organized around a feature that distinguishes cor-
porate borrowing from household mortgage—the forward-looking nature of firms’ credit demand.

When a firm invests, it does so with future growth in mind. Exploiting those growth oppor-
tunities will itself require financing. This is prevalent in all forms of investment and most vivid
in the artificial-intelligence boom.! Because both today’s investment and future expansion rely on
credit financing, the forward-looking nature of investment ties a firm’s current borrowing decisions
to its expectations about intermediaries’ future lending capacity.

This dependence of current credit demand on future credit availability is the central feature
of our theory and the source of its unique empirical predictions.> In the following, we present
the model in two steps, characterizing the crisis dynamics and the full boom-bust cycle; we then

present the empirical tests and discuss the related literature.

Crisis dynamics. The shock that sets the credit cycle in motion is one to the usage value of
firms’ productive capital, modeled as a stochastic obsolescence rate. A positive shock raises that
value—rising demand for Al for example, has created new uses for data centers—while a negative
shock lowers it. Financial intermediaries that lend to firms are exposed to these shocks. We model
intermediaries following He and Krishnamurthy (2013) and Brunnermeier and Sannikov (2014),
with intermediary equity as the state variable governing lending capacity. When negative shocks
erode intermediary equity, credit supply falls. The shocks’ impact is persistent. In the presence of
equity issuance cost, intermediaries raise equity only when severely undercapitalized—when the

marginal value of equity is sufficiently high—so that, except at the issuance (lower) boundary, they

'The AI buildout illustrates the mechanism. Much of the value of capacity built today lies not in the cash flows
of the installed assets but in the follow-on investment it makes possible: training one generation of models yields the
know-how, usage data, and customer base needed for the next; secured sites, power connections, and supply contracts
serve as platforms for later expansion; and because hardware generations turn over quickly, capacity must be re-
equipped repeatedly to remain at the frontier. Each of these growth opportunities is worth exploring only if the next
round of investment can be reliably financed. A firm deciding how much to borrow and build today is therefore also
betting on its lenders’ capacity to fund future growth opportunities.

2Bond and Rai (2009) study a related intertemporal dependence: borrowers repay because they expect future loans,
so doubts about a lender’s future capacity can weaken borrowers’ current repayment incentives.



do not recapitalize immediately after a negative shock, and equity only recovers through earnings.

What happens next on the credit demand side is the crux of the theory. Anticipating that the
shock’s effects will persist and that credit supply will remain tight, firms see diminished value in
the future growth opportunities that today’s investment would create. Their current demand for
credit falls as a result. A negative shock thus triggers a simultaneous contraction of both credit
supply and demand, producing a sharp decline in the equilibrium level of credit financing and in-
vestment. Moreover, the weakened credit demand depresses intermediaries’ profits precisely when
they are undercapitalized. The economy consequently becomes trapped in a self-reinforcing cycle
of undercapitalized intermediaries, depressed corporate credit demand, and subdued investment.

A negative shock therefore does two things: it lowers intermediary equity today and shifts its
future path downward. Because firms’ willingness to borrow and invest depends on the anticipated
future availability of credit, the path of intermediary equity becomes tied to current credit demand.
This intertemporal link allows the severity and duration of a crisis to reinforce each other. A deeper
contraction in credit demand today implies a more sluggish recovery of intermediary equity and
hence a longer crisis—an extended period of scarce intermediary equity, tight credit, and slow
accumulation of productive capital—that in turn gives firms still less reason to invest now, further
weakening both their demand for credit and intermediaries’ profits from lending.

These dynamics offer a new perspective on credit policy. Governments have increasingly
lent to firms on subsidized terms during crises.® Yet when credit demand is weak, such policy
does little to raise the equilibrium quantity of credit and investment—and can in fact backfire,
slowing recovery. Unless the government replaces intermediaries entirely as the lender to firms,
the marginal unit of credit is still supplied by intermediaries, so firms’ expectations of future growth
and their current incentive to borrow and invest remain tied to the path of intermediary equity. By
absorbing part of firms’ credit demand, the government leaves intermediaries to earn profits only

on the residual demand, causing their equity to rebuild even more slowly than under laissez-faire.

Bank leverage and boom-bust cycles. While intermediary equity is the state variable, intermedi-
ary leverage determines its shock sensitivity, which is central to the boom-bust dynamics. Follow-
ing negative shocks, deteriorating lending opportunities lead intermediaries to delever. Reducing
exposure to shocks seems beneficial, but at the depth of a crisis it is not: when equity is already low,

more negative shocks eventually trigger equity issuance, and issuance places a floor below which

3Examples include the Primary and Secondary Market Corporate Credit Facilities introduced in the United States
during the Covid-19 pandemic, and corporate bond purchases by the Bank of Japan and the European Central Bank.



equity cannot fall. Low leverage therefore dampens mainly positive shocks that would help rebuild
equity, not the negative shocks that are already cushioned by the prospect of equity issuance.

Intermediaries’ leverage choice renders recovery not only sluggish but fragile. As they re-
build equity, firms foresee credit-supply expansion and faster growth, so they invest and borrow
more, which induces intermediaries to lever up. As equity has risen well above the issuance thresh-
old, the downside protection that issuance provided is gone. The rising leverage along the recovery
path means that negative shocks erode equity quickly—tipping the economy back into a crisis.

Consider now the transition into a boom. Following positive shocks, intermediaries rebuild
equity, and firms’ credit demand and investment grow. In the process, intermediaries’ leverage rises
as previously noted, and it will continue rising until firms reach their borrowing limit—that is, until
firms have pledged all future cash flows to borrow from intermediaries. Beyond this point, further
increases in intermediary equity can no longer trigger a rapid expansion of firms’ credit demand,
and intermediary leverage turns countercyclical: an increase in intermediaries’ equity now reduces
leverage, because as the asset side of intermediaries’ balance sheets (lending) no longer expands
as fast, additional equity on the liability side replaces debt, lowering leverage.

In summary, intermediary leverage exhibits hump-shaped dynamics. When intermediary eq-
uity is low, leverage rises with equity, showing procyclicality. The driving force is the feedback
from a higher intermediary equity and the anticipated future credit-supply expansion to a stronger
credit demand. This is about how much firms want to borrow. When intermediary equity is high,
what constrains the level of credit is no longer the supply but firms’ borrowing capacity. The dom-
inant force becomes how much firms can borrow, and intermediary leverage turns countercyclical.

These leverage dynamics translate into a hump-shaped shock sensitivity of the credit market.
When intermediary equity is low (crises) and high (booms), leverage is low and the economy is
insensitive to shocks; the economy passes quickly through the intermediate region, where leverage
and shock sensitivity are highest. The stationary distribution is bimodal.

The government’s subsidized lending to firms in crises has an unintended consequence on
intermediary leverage: it amplifies procyclicality in the low-equity region. Intermediaries need to
maintain sufficient profits over the cycle to cover the equity issuance costs incurred at the depth
of crises. To do so, they raise leverage in good times—when lending opportunities are abundant
and policy intervention is absent—and reduce it in bad times when intervention erodes lending
profits. As a result, intermediaries delever more sharply heading into crises and relever more

quickly coming out of them. This amplified procyclicality makes recovery from crises more fragile.



Empirical evidence. The central feature of the model—that firms’ credit demand is forward-
looking with respect to the expected path of bank equity—is the first feature we take to the data.
Observed credit quantities confound variations in demand and supply conditions; we therefore
measure demand shifts directly from the Federal Reserve’s Senior Loan Officer Opinion Survey,
in which banks report whether demand for loans has strengthened or weakened, apart from the
banks’ own lending terms—separating loan demand from credit-supply conditions. Importantly,
banks rate the reasons behind the change. We focus on the reasons that correspond to the model’s
driver of credit demand (long-term investment): borrowers’ spending on plant, equipment, and
acquisitions. For measures of the expected trajectory of bank equity, we construct measures based
on sell-side analysts’ earnings forecasts for U.S. banks. During periods of bank equity drawdown,
weakening credit demand attributed to investment cutbacks spread across the surveyed banks as
the expected trajectory of bank equity deteriorates, and reports of strengthening demand attributed
to rising investment spread as expectations improve. The results cannot be attributed to common
business-cycle exposure: the comovement survives controls for the pricing of firms’ alternative
sources of financing and for expectations of economic growth and investment opportunities.

Our next set of tests target the cyclicality of bank leverage, a unique equilibrium outcome
of the model: while firms’ debt capacity is slack, bank leverage is procyclical; once firms have
pledged nearly all of their future cash flows, bank leverage turns countercyclical. Measuring how
much of that capacity nonfinancial firms have used—debt outstanding relative to various mea-
sures of earnings—we find such non-monotonicity: bank leverage is procyclical when firms’ debt
utilization is low and countercyclical when it is high, with the switch occurring near the median
level. Adrian and Shin (2010) document that unconditionally, commercial banks’ leverage appears
acyclical; through the lens of our model, the acyclicality is an average of two regimes with opposite
signs. The sign switch is key for understanding the boom-bust cycle: bank leverage, which deter-
mines the economy’s sensitivity to shocks, peaks between crisis and boom, so booms are stable,

and crises are stagnant, resulting in a bimodal distribution of the state of the economy.

Related literature. Our paper contributes to the theory of credit cycles. A classic literature em-
phasizes the net worth of borrowers rather than that of intermediaries. Agency costs make external
finance more costly when borrowers’ net worth is low, so shocks that erode net worth are amplified
and propagated through investment (Bernanke and Gertler, 1989; Bernanke et al., 1999). When
borrowing is secured by collateral, a decline in borrowers’ net worth also depresses the prices of

the assets they pledge, which tightens their borrowing constraints further (Kiyotaki and Moore,
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1997). When distressed borrowers must sell assets to buyers who value them less, such fire sales
depress prices, and because atomistic borrowers do not internalize this effect, credit booms are
inefficiently large (Lorenzoni, 2008).* In our model, firms do not face agency frictions or have
limited commitment; their debt capacity is simply the present value of their future cash flows.’
The mechanism does not involve fire sales of collateral either. Crises originate instead in the net
worth of intermediaries and propagates through firms’ expectations of its future growth path.

Since the Global Financial Crisis, a large literature has studied how aggregate shocks deplete
intermediaries’ balance-sheet capacity and thus get amplified.® A key distinction among these
models is how intermediaries’ investment opportunities vary with their equity. In He and Krish-
namurthy (2012, 2013) and Brunnermeier and Sannikov (2014), investment opportunities improve
when intermediaries are undercapitalized: scarce intermediary equity goes with high expected re-
turns on risky assets through the risk premium channel, and these high returns help rebuild equity.
In our model, the relationship flips. Because firms’ credit demand contracts when the expected
path of intermediary equity worsens, intermediaries’ investment opportunities deteriorate when
they are undercapitalized, which causes the severity and duration of crises to reinforce each other.”
Methodologically, continuous-time equilibrium models with financial intermediaries are typically
solved numerically (Brunnermeier and Sannikov, 2016). We establish the main properties of our
equilibrium analytically. We also provide direct empirical evidence on our mechanism.

A related strand of research, starting with Holmstrom and Tirole (1997), studies how inter-
mediary capital, alone or together with borrowers’ net worth, constrains corporate credit without
relying on collateral fire sales. Klimenko et al. (2016) analyze a continuous-time economy in
which banks face equity issuance costs and aggregate bank capital governs the loan rate and the
volume of lending. Credit demand in their model is a static function of the current loan rate: a loss
of bank capital raises the loan rate and moves lending along an unchanged demand curve, which
raises banks’ marginal return on lending. Elenev et al. (2021) develop a quantitative model with

financially constrained producers and intermediaries. The expected excess returns on intermediary

4See Shleifer and Vishny (2011) for a survey of fire sales in finance and macroeconomics.

3 A significant portion of corporate debt is based on cash flows rather than on specific collateral assets (Lian and
Ma, 2021), and the liquidation value of firms’ assets is low in many cases (Kermani and Ma, 2023), which supports
our modeling of firms’ debt capacity as the present value of their future cash flows.

6 Aggregate productivity shocks deplete intermediaries’ net worth only to the extent that they cannot be hedged:
Di Tella (2017) shows that, when agents can contract on the aggregate state, productivity shocks no longer generate
balance-sheet recessions, whereas uncertainty shocks still do.

"The amplification of shocks and the persistence of their impact are at the center of the analysis of financial cycles;
see Brunnermeier et al. (2013) for a survey.



equity are high when intermediaries are poorly capitalized. In our model, intermediaries’ expected
return on equity is instead low when equity is scarce, because firms’ credit demand contracts.

Closest to our paper is Rampini and Viswanathan (2019), who also study how intermediary
capital shapes corporate credit and investment. Both models feature slow recoveries from a loss
of intermediary capital, but through different mechanisms. In their model, recovery is slow be-
cause intermediaries’ return on equity is tied to firms’ marginal return on borrowed capital, which,
under decreasing returns, is below the average return that firms earn, so the recovery stalls until
intermediaries catch up. In our model, recovery is slow because firms’ credit demand contracts
with intermediary equity. Firms anticipate scarce intermediary equity to persist and constrain the
financing of future growth, so their investment and credit demand weaken, which cause intermedi-
aries’ profits to decline and slow down recovery. The recovery path also differs. In Rampini and
Viswanathan (2019), the economy follows a deterministic transition after an unanticipated one-
time shock, In our fully stochastic equilibrium, shocks recur along the recovery path, and through
intermediaries’ procyclical leverage, negative shocks can drag the economy back into crises. Re-
covery is therefore fragile as well as sluggish, and the fragility is unique prediction of our fully
stochastic model and cannot be captured by a deterministic post-shock path. Finally, the two mod-
els also differ in structure. Rampini and Viswanathan (2019) track the net worth of both firms
and intermediaries as state variables, and firms’ loan demand is governed by their own net worth
through collateral constraints. In our model, intermediary equity is the only state variable.

Our analysis of leverage relates to the literature on the leverage dynamics of financial inter-
mediaries. Leverage matters for credit cycles because it determines how shocks move intermediary
equity, and hence where the economy is sensitive to shocks and how much time it spends in each
region in the long run. Empirically, the leverage of security broker-dealers is strongly procyclical,
whereas that of commercial banks is roughly acyclical (Adrian and Shin, 2010), and Nufio and
Thomas (2017) similarly find procyclical leverage for unregulated intermediaries and only weakly
cyclical leverage for regulated commercial banks.® Existing theories deliver leverage that moves
in one direction over the cycle. Value-at-risk constraints make intermediary leverage procyclical
(Adrian and Boyarchenko, 2012; Adrian and Shin, 2014), as do shocks to volatility in Nufio and
Thomas (2017), whereas leverage rises as equity falls in models in which scarce intermediary eq-

uity raises risk premia (He and Krishnamurthy, 2013; Brunnermeier and Sannikov, 2014). To our

8Measured at market value, the leverage of primary dealers is countercyclical (He et al., 2017). Book values are
the relevant measure for our analysis because leverage in our model is a ratio of balance-sheet claims.



knowledge, ours is the first model in which the cyclicality of intermediary leverage switches sign:
leverage is procyclical while firms’ borrowing capacity is slack and countercyclical once it binds.
Therefore, the unconditional acyclicality of commercial banks’ leverage documented by Adrian
and Shin (2010) is, through the lens of our model, an average over two regimes.

Our analysis of credit policy relates to the literature on government lending in credit crises.
In Gertler and Kiyotaki (2010), credit policies such as direct government lending mitigate crises
because the public sector can intermediate funds when private intermediaries are balance-sheet
constrained. Philippon and Skreta (2012) characterize optimal interventions when public lending
interacts with private credit markets plagued by adverse selection. Other studies highlight unin-
tended consequences. For example, government lending to firms weakens the cleansing effect of
crises on firm quality, which raises the scale of intervention needed in future crises (Li and Li,
2025). Our model delivers distinct prediction: by crowding out intermediaries’ lending in crises,
government lending to firms slows down recovery by reducing intermediaries’ profits and makes
recovery more fragile by amplifying intermediaries’ leverage procyclicality in low-equity states.

A body of empirical evidence is in line with our model’s predictions. Large declines in bank
equity are followed by persistent contractions in credit and output, even absent panics (Baron et al.,
2021), consistent with the persistent impact of shocks to intermediary equity. Financial crises are
followed by deep and protracted slumps, and their severity depends on the interaction between the
jump in credit spreads and pre-crisis credit growth (Krishnamurthy and Muir, 2025), consistent
with shocks being most damaging when they arrive after an expansion has raised intermediary
leverage. More leveraged economies experience milder business-cycle fluctuations but more severe
crashes (Jorda et al., 2016), and macro-financial dynamics are multimodal (Adrian et al., 2021), in
line with the stable booms, abrupt transitions, and bimodal stationary distribution of our model.

A large empirical literature shows that losses of intermediary capital, and negative shocks
to intermediaries more generally, reduce the supply of credit.” These studies identify the contem-
poraneous effect of a lender’s condition on its supply of credit, an effect that would arise even in

a static setting, and their designs typically absorb credit demand, for example through fixed ef-

Banks hit by liquidity shocks cut lending to the same firms more than unaffected banks do (Khwaja and Mian,
2008), and idiosyncratic bank shocks account for a sizable share of fluctuations in aggregate lending and investment
(Amiti and Weinstein, 2018). In the GFC, firms whose lenders were less healthy were less likely to obtain loans and
paid higher rates when they did borrow (Chodorow-Reich, 2014), loan spreads rose more for borrowers of banks with
larger losses (Santos, 2011), banks that relied more on short-term or interbank funding cut lending more (Ivashina and
Scharfstein, 2010; Iyer et al., 2014), lenders in worse health used covenant violations to cut credit (Chodorow-Reich
and Falato, 2022), and better-capitalized relationship lenders supplied more credit at lower rates (Bolton et al., 2016).



fects (Khwaja and Mian, 2008)—precisely the margin that, in our model, moves with the expected
condition of intermediaries and amplifies shocks. Our empirical exercises instead take a dynamic
view of the credit market. We measure credit demand directly and show that, during bank equity
drawdowns, investment-driven credit demand moves with the expected trajectory of bank equity,
which is the key ingredient of our model. In addition, we show that the cyclicality of bank leverage
depends on how much of borrowers’ debt capacity have been used, a state dependence that arises
from the dynamic interaction between credit demand and intermediary balance-sheet conditions.
Finally, our mechanism points to an externality that we call a credit demand externality.
When a firm borrows to invest, the lending profits it generates help rebuild intermediary equity,
which improves the future path of credit conditions for all firms. Each firm takes the path of
intermediary equity as given and does not internalize this effect, which suggests that credit demand
is inefficiently weak precisely when intermediary equity is scarce. The externality operates through
equilibrium prices—the loan rate and, through it, intermediaries’ profits—and matters for welfare
only because intermediaries face a financial friction, the cost of issuing equity. It is thus a pecuniary
externality of the kind that is relevant for welfare when markets are incomplete or agents face
financial constraints (Greenwald and Stiglitz, 1986; Dévila and Korinek, 2018). Its sign is the
opposite of that of the collateral externalities that make borrowing excessive in booms (Lorenzoni,

2008; D4vila and Korinek, 2018): our mechanism makes borrowing too weak in crises.!”

2 Model

Preferences, technology, and endowments are defined first, and then financial frictions are intro-
duced. The continuous-time, infinite-horizon economy has three types of agents, entrepreneurs,
households, and bankers. Let E, H, and B denote the sets of a unit mass of representative en-
trepreneurs, households, and bankers, respectively.

Entrepreneurs and households consume the numeraire goods and are risk-neutral with dis-

10The credit demand externality is also a credit-market counterpart of the aggregate demand externality, whereby
one agent’s spending is another’s income (Blanchard and Kiyotaki, 1987). Aggregate demand externalities make
private borrowing decisions inefficient when a friction such as the zero lower bound or nominal rigidities prevents
prices from offsetting them (Korinek and Simsek, 2016; Farhi and Werning, 2016), and they can make contractions in
spending self-reinforcing, whether the contraction originates in forced deleveraging (Eggertsson and Krugman, 2012),
precautionary saving after a credit crunch (Guerrieri and Lorenzoni, 2017), or a decline in asset prices (Caballero and
Simsek, 2020). In our setting, the quantity that propagates the externality is intermediary equity rather than income,
and the friction that makes it matter is the cost of recapitalizing intermediaries, a real rather than a nominal friction.



count rate p. They maximize life-time consumption. For example, an entrepreneur maximizes

E { / h e—Ptdcﬂ , (1)
t=0

where ¢} is the cumulative consumption. Wherever necessary, superscripts denote agents’ type.

At t = 0, a representative entrepreneur is endowed with £y units of productive capital.
K, the aggregate amount of capital, is fn cr ko (n) dn. At time t, the entrepreneur with k; units
of capital can produce ak;dt units of numeraire goods over dt, where the parameter, o (> 0),
represents productivity, so aggregate output is o K;dt. A fraction ddt — odZ, of capital is destroyed
over dt, where Z, is a Brownian motion. The aggregate shock, dZ,, is the only source of risk.'!

In the model, “capital” represents efficiency units that produce goods. It represents projects,
business subsidiaries, and productive assets. Let ¢~ denote the present value of all goods generated
by one unit of capital. This value incorporates not only the “cash flows”, i.e., a per unit of time,
but also the options to grow. The entrepreneur has a technology to grow capital. Let 7; denote
investment per unit of capital. Investment success is a Poisson event with intensity ), independent
across capital units—that is, a fraction Adt of capital grows at the rate of F'(i;) over dt. F(-)
is an increasing and concave function.!> The net profit is ¢/ F'(i;) — i, i.e., the value of newly
created capital, th F(i;), minus the cost, ;. A fraction 1 — Adt of capital does not grow—that
is, the investment project turns out to be a zero-profit storage technology (instead of zero profit, a
negative return could be introduced but complicates notations without meaningful impact on the
mechanism). Investment is subject to a capacity constraint, i, < [. The following restriction on
F'(-) is imposed so that capital growth does not exceed the discount rate, p, and the equilibrium

value of capital, th , is finite:
2

p>)\F(Z)—5+%. )

Resources that entrepreneurs need for investment can be obtained from deep-pocket house-
holds. The allocation problem in this economy is whether funds can be channeled from households
to entrepreneurs. It is assumed that households cannot lend directly to entrepreneurs, and bankers
are required to intermediate credit supply. There are many reasons why intermediation is neces-

sary.'> This paper does not seek to provide another microfoundation. The goal to analyze the

"'"The information filtration is generated by Z; and satisfies the standard regularity conditions (Protter, 1990).

12For a unit of capital, the joint probability of destruction and growth is smaller than dt and thus negligible.

BFinancial intermediaries have expertise in monitoring (Diamond, 1984), screening (Ramakrishnan and Thakor,
1984), restructuring (Bolton and Freixas, 2000), and enforcing collateralized claims (Rampini and Viswanathan, 2019).



dynamics of an economy where credit intermediation is essential. Moreover, “banks” in this paper
broadly represent credit intermediaries, including both traditional commercial banks and non-bank
lenders. The model applies as long as a credit intermediary engages with risky lending (rather than
risk-free investments) and its liability structure contains a mix of debt and equity.

As previously discussed, there are a unit mass of representative bankers. The set of bankers
is denoted by B. At ¢ = 0, a representative banker is endowed with e( units of numeraire goods.
Ey, the aggregate amount of bankers’ wealth or bank equity, is fn o €0 (1) dn. Bankers may issue
debt and equity to households, intermediating between households and entrepreneurs (“firms”).

After specifying the physical environment (i.e., preferences, technology, and endowments),
I now introduce the financial aspects of the economy. Banks extend loans to entrepreneurs at ¢
that are repaid after the entrepreneurs finish their investment projects at ¢ + dt. The repayment is
14 R,dt per unit of goods lent (i.e., the loan rate is R;), where R; is to be determined in equilibrium.

Loans are backed by designated capital. Entrepreneurs default on a loan when the backing

capital perishes. Let [/, denote the amount of credit for one unit of capital. We have
L < g~ 3)

As previously discussed, ¢~ is the present value of all cash flows generated by this one unit of
capital and new capital that grows out of it through investments. This is a standard pledgeability
constraint.'* It does not tie credit, /;, to an asset that is transferred between agents as in a fire-sale
mechanism. In fact, throughout credit cycles, entrepreneurs’ capital need not exchange hands at all.
As noted above, the interpretation of capital is broad, including projects or business subsidiaries.
The purpose of connecting loans and capital to allow bank lending to load on the shock, dZ;
(see also Klimenko et al. (2016) and Coimbra and Rey (2023)). As a reminder, a fraction ddt—odZ;

of capital is destroyed over dt, which is also the fraction of loans that default. Therefore,

(1 — (6dt — 0dZ,)] (1 + Ridt) = 1+ Ryt — (3dt — 0dZ,) (&)
—_—— —_——
default fraction principal & interest repaid

is the banker’s return on loans. Note that high-order infinitesimal terms of magnitude below dt are
ignored. Negative shocks, dZ; < 0, increase the fraction of loans in default, reducing the return.

Bankers can issue risk-free bonds to households at ¢, which mature at ¢t + dt with an interest

4Under I; > ¢f, the entrepreneur would default on the loan, give up capital to the lending bank, and abscond /.
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rate 7,dt, where r, is to be determined in equilibrium.!> As previously discussed, a representative
banker is endowed with wealth—bank equity capital—equal to ey at ¢ = 0. Let z; denote a banker’s

leverage, i.e., the ratio of lending (assets) to equity. The law of motion of bank equity, e;, is

det =  CtT¢ [tht — (5dt — O'dZt>] — €t (CEt — 1) T'tdt — dCtB
\,—/ (. ~ > g ~ 4 v v
loan value net loan return debt value debt cost  payout / issuance
= € [Tt + Ty (Rt -0 — Tt)] dt + €t$tO'dZt - dCtB . (5)

When raising equity from households (dc? < 0), bankers face a proportional issuance cost
x.'® As a result, bankers have the tendency to perpetually postpone payout (or consumption)
and save out of the financial constraint, which in turn causes their wealth to outgrow the rest of
economy. Following the literature (DeMarzo and Sannikov, 2006; Brunnermeier and Sannikov,
2014), I assume that the discount rate of the bankers, denoted by p, is greater than entrepreneurs’
and households’, i.e., p > p, so that the bankers would consume if their equity capital is sufficiently

high. Let I, be an event indicator. A representative banker’s objective function is given by

E |i/v eiﬁt (1 -+ X]I{dc?<0}> dCtB:| . (6)
t=0

where, when issuing equity (i.e., dctB < 0), the banker faces a loss of XdctB from the issuance cost.

Imposing the equity issuance cost is one way to model intermediaries’ financial constraints. Alter-

native approaches in the literature achieve the same purpose of limiting balance-sheet capacity.!’
Let E; denote the aggregate equity of representative bankers, fn B ei(n)dn. The credit-

market clearing condition equates aggregate bank lending, F,x;, to entrepreneurs’ borrowing, K,[;:
Etmt = Ktlt. (7)

Because bank credit is essential for financing investment, we have investment per unit of capital
1; = l;. Equilibrium analysis describes the credit-market dynamics, for example, how [; is de-

termined and its cyclical properties. In summary, the economy’s productive capital grow through

5The short-term debts are safe, because under diffusive (Brownian) shocks, banks may continuously adjust balance
sheets to avoid negative equity. It will be shown that when equity is sufficiently low, banks optimally raise equity.
16To raise one dollar, a banker has to give 14 worth of equity to investors. This dilution cost captures informational
frictions in Myers and Majluf (1984) and Dittmar and Thakor (2007). Here negative payout, dc® < 0, corresponds to
equity issuance (Brunnermeier and Sannikov, 2014; Klimenko et al., 2016; Phelan, 2016; Van den Heuvel, 2002)).
"He and Krishnamurthy (2012) emphasize principal-agent frictions and the resultant financial constraints.
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entrepreneurs’ investments funded by bank loans. Banks issue debt and equity to households.

3 Equilibrium

The model has two frictions. On the credit-demand side, entrepreneurs’ borrowing is subject to
a pledgeability constraint (3). On the supply side, credit is channeled by bankers whose balance-
sheet capacity is constrained due to the equity issuance cost. Before equilibrium analysis, Sec-
tion 3.1 describes a benchmark setting where households bypass bankers and directly lend to en-

trepreneurs and entrepreneurs commit to repay and thus are not subject to the borrowing constraint.

3.1 The Frictionless Benchmark

At time ¢, an entrepreneur chooses the amount to borrow and invest, taking as given the equilibrium
value of capital, ¢/*. Her investment is successful with probability Adt: at the margin, one unit of
goods invested turns into F” (I;) units of capital, creating a net marginal gain of ¢/ F’ (I;) — 1.
Therefore, the expected marginal return on investment is [qf F'(l,) — 1} Adt. The expected cost
of credit is (R, — )dt. A reduction ddt appears in the borrowing cost because capital as perishes

at an expected rate of ddt, allowing the entrepreneur to default on the corresponding loans.

Lemma 1 (Credit Demand) Entrepreneurs’ demand for bank credit within the investment limit
(i.e., l, < 1) satisfies the following optimality condition that equates the expected cost of borrowing

and expected marginal profits from investment:
Re—0=M\[gfF () -1] . (8)

The proof of Lemma 1 is in Appendix A. In equilibrium, the expected return from lending to
entrepreneurs, 2; —d, is equal to p, the households’ required rate of return (i.e., their discount rate).

Replacing the borrowing cost in Equation (8) by p, I obtain the following equilibrium condition:
Mg F (1) = 1] = p. 9)

Fully solving the equilibrium requires solving the endogenous value of ¢~. First, we conjecture
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that ¢ has the following law of motion in equilibrium:

dglt
a

= p dt + o dZ, (10)

where the drift term ;X and the diffusion term 0% are endogenous and determined in equilibrium.

Lemma 2 (Capital Valuation) The value of capital, ¢, satisfies the equilibrium condition:

@& = Fr 7 - (11)
p—(uit —06+o0i")

Equation (11) resembles the Gordon growth formula. The proof of Lemma 2 is in Appendix
A. The numerator reflects the fact that capital is both directly productive and endows entrepreneurs
with growth opportunities. Investing in growth requires credit, so one unit of capital is paired with
l; units of loans with an effective cost of R, — . The denominator contains the discount rate, p, and
the growth rate, which in turn can be decomposed into the expected change in the capital value,
,utK , the expected destruction rate, 9, and Itd’s quadratic covariation between stochastic change of
the unit value of capital, ¢*, and stochastic quantity via capital destruction, oo

The equilibrium values of credit and capital, denoted respectively by /rp and ¢, (where

“F'B” is for this “first-best”from this frictionless economy), are jointly determined as follows.

Proposition 1 (Frictionless Equilibrium) In the frictionless economy, the equilibrium value of

capital is given by

Kk aF A [QJIP(BF (IrB) — lFB} — plrp (12)

Let [}.; denote the level of bank credit per unit of capital that solves the optimality condition (9)
MarpF (p) = 1] = p, (13)
so we have the equilibrium level of credit given by lpp < Usp if Usg < I; otherwise lpg = 1.

Equations (13) and (12) are, respectively, equations (9) and (11) with X and o equal to
zero under a constant ¢~ in equilibrium. Proposition 1 establishes the benchmark (first-best) levels
of credit and capital value that can be later compared against the values under financial frictions.
The proof is in Appendix A. One key message from the proposition is that, in the frictionless

economy, the level of credit provision is constant—that is, credit cycles do not exist.
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In the following analysis, I impose the parameter condition
Z > quv

which implies that the pledgeability constraint, [; < ¢/, binds before the constraint of investment
capacity, I, < I. Therefore, the relevant friction on the credit demand side is the pledgeability

constraint rather than the technological constraint on the size of investment.

3.2 Credit Supply and Demand Curves

I analyze the equilibrium where credit supply requires bankers’ intermediation. There are two
frictions, the pledgeability constraint on entrepreneurs’ borrowing and bankers’ equity issuance
cost. I will derive the credit supply and demand curves and characterize how they evolve with the

state variable that is the ratio of bank equity to the stock of entrepreneurs’ productive capital,

Ey
= . 14
us K, (14)

This ratio measures the scarcity of intermediation capital (bank equity) relative to the size of real

economy. The following proposition states that 7, is a key state variable in the Markov equilibrium.

Proposition 2 (Markov Equilibrium) For any endowments {ky(n),n € E} and {ey(n),n € B},

there exists a Markov equilibrium with 1, as the state variable.

The proof is in Appendix A. In the following, to differentiate demand and supply, let [
denote bankers’ supply of credit, /P denote entrepreneurs’ demand for credit, and /; denote the
market-clearing level of credit per unit of capital. In the frictionless economy, credit supply is
perfectly elastic at the loan rate R, = p + 9, where p is the households’ discount rate and ¢ is the
expected default rate. When financially constrained banks intermediate credit supply, the loan rate

deviates from this frictionless benchmark, and credit supply is no longer perfectly elastic.

Credit supply. A banker’s decision to consume (dctB > () or to raise equity (dctB < 0) depends
on the marginal value of equity. The homogeneity property of banker’s problem suggests that value

function is linear in equity, ¢”e;.!® In equilibrium, the marginal value of equity cannot fall below

8This conjecture of value function is formally proven in the appendix where it is shown that this functional form is
consistent with the Hamilton-Jacobi-Bellman (HJB) equation.
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one, in which case the banker is better off consuming one unit of goods than retaining equity. In
equilibrium, ¢Z also cannot rise above 1 + , in which case, paying the issuance cost and raising
equity is strictly profitable. Therefore, we have ¢” bounded in the interval [1,1 + x]. If equity
issuance is frictionless (y = 0), the banker is no longer financial constrained, and th3 = 1linall
states of the world. The next lemma shows that ¢” reflects the scarcity of bank equity capital

relative to the size of production sector that demands bank credit. The proof is in Appendix A.

Lemma 3 (Bank Equity Scarcity) The marginal value of bank equity, q° = ¢®(n;), is a mono-
tone function of 1y, and 1, is bounded in [77, } where 1) and 7, are endogenously determined by

the optimality conditions for bank equity issuance and payout (consumption), respectively,

¢® (n) =1+ x, and ¢” () =1. (15)

At any n; € L 77) B(n,) is strictly decreasing in 1y, i.e., dq (’7’) <0, and, atn, =7, dn(zvt) —0.

The marginal value of equity, gZ = ¢®(n;), is highest, equal to 1+ y at 7, the equity issuance
(lower) boundary of 7, where bank equity capital is the most scarce. At the other extreme, when
n; rises to 7, the bank is sufficiently well-capitalized, so ¢” = 1 and it is optimal to consume as
retaining equity no longer adds value.! The ratio of bank equity to capital stock, 7, is the state
variable of the economy, reflecting the scarcity of bank equity and driving its marginal value.

By It6’s lemma, 7, has the following law of motion:

d
% —{r+ 2 (R =6 — 1) — AF (L) — 6] — (w0 — 1) 02 }dt + (w — 1) 0dZ, — dye,  (16)
t . -~ y N ~~ >
£ uy = of

where dy; = dcP /e; denotes bankers’ payout- or issuance-to-equity ratio. Its drift is determined by
the expected growth of bank equity (see (5)) relative to that of productive capital.>® The diffusion
term, (z; — 1) o, is positive because, in equilibrium, bank leverage (asset-to-equity ratio) z; is
greater than 1. Therefore, 7, loads positively on the aggregate shock, o} > 0.2! Under o} > 0, bank
equity becomes more scarce—; decreases and drives ¢ higher—after negative shocks (dZ; < 0).

As a reminder, negative shocks destroy more capital and increase the number of delinquent loans.

19The amounts of issuance at 77 and payout at 7j exactly offset variation in 7; that would otherwise cause 7; to move
beyond the two reflecting boundaries 7 and 7. The proof of Lemma 3 provides further discussion on the boundaries.

2The term (z; — 1) o2 in the drift is from Itd’s quadratic covariation given that dK; = F(I,)\dt—(6dt — 0dZ;) K.

2I'The model generates cyclicality in bank equity management that is consistent with the evidence (Baron, 2020;
Adrian, Boyarchenko, and Shin, 2015): following positive shocks, 7, increases and approaches the payout boundary,
7, while negative shocks pushes 7, closer to the equity issuance boundary, n
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Since more loans default when the marginal value of equity, ¢Z, is higher, bankers charge
a risk premium when lending to entrepreneurs, akin to the asset pricing models where investors
require excess expected return for holing assets that deliver low returns when the marginal value
of wealth is high. In continuous-time settings, the risk premium is the negative of instantaneous
covariance between asset return and the growth rate of marginal value of wealth (e.g., Cochrane,
2005). The same logic holds here except that loan risk premium emerges from financial friction
rather than risk aversion. Let €2 denote the elasticity of marginal value of bank equity, ¢Z, to ;:

B () = dq”(ne)/a"(m) _ (17)

dny / Uz

forn, € [Q, ﬁ) ,and, atn, = 7, €2 () = 0 according to Lemma 3. By Itd’s lemma, the shock loading
of the growth rate of ¢” (i.e., d¢?/qP) is €0} . The return on loans has a shock loading o (see
(4)). Therefore, the loan risk premium is —etB o/, i.e., the negative of instantaneous covariance
between the growth rate of ¢, the marginal value of bank equity, and return on loans. A formal

proof is provided in Appendix A. The next lemma summaries the results on loan risk premium.
Lemma 4 (Loan Risk Premium) The equilibrium loan rate, Ry, is given by

Ry =1 +0+7 0, (18)
where the loan risk premium can be decomposed into the quantity of loan risk, o, and the bankers’

price of risk, vB, that is in turn given by
v ==’ (o = —e"(n,) (1, — 1) o > 0. (19)

The net interest margin, i.e., Ry — r;, compensates both the expected default rate, §, and loan
risk premium, 720.2> As previously discussed, under Y = 0, the marginal value of bank equity
is a constant, i.e., ¢” = 1, and thus does not load on shocks (i.e., €2 = 0). As a result, loan risk
premium is zero, and the net interest margin only contains the expected default rate, . In this
case, the loan rate, R; = p + 6, equal to the loan rate in the frictionless benchmark economy in
Section 3.1. Under y > 0, the loan rate is above p + §. Therefore, in the model, loan risk premium

ultimately emerges from bankers’ financial frictions (i.e., the equity issuance cost).

22This result is closely related to the “credit spread puzzle” that less than one-half of the variation in credit spreads
can be attributed to borrowers’ expected default probability (i.e., § in the model). The unexplained portion is due to
time-varying risk premium (e.g., Collin-Dufresn, Goldstein, and Martin, 2001).
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Next, I derive the credit supply curve. First, I pin down bankers’ debt cost. Bankers can

issue debt to households at interest rate 7, = p, where p is households’ discount rate.
Lemma S (Equilibrium Risk-free Rate) The interest rate offered by bank debt, ry, is equal to p.

Lemmas 3, 4, and 5 provide all the necessary ingredients for deriving the credit supply
curve. Credit supplied per unit of capital, [, is equal to aggregate bank lending, z, F;, divided by
the aggregate stock of capital, K, i.e., [¥ = z;F;/K; = x;1;. Substituting this expression into (19)

and substituting r, with its equilibrium value p, I obtain the credit supply curve from (18):

Ry=p+6+0b (I —n) , (20)

where the last term is from the risk premium 2o, and the slope, b; = b(1;), is a function of 7;:

53("7t>02

Mt

b(ne) = — 21

As the ratio of bank equity to capital stock, 7;, evolves over time, credit-supply elasticity varies.

The next proposition characterizes a credit supply curve. The proof is in Appendix A.

Proposition 3 (Credit Supply Curve) The credit supply curve in the space of loan rate and loan

amount, (Ry, 1), given by (20) is upward-sloping, i.e., b(n,) > 0, whenn, is in [n,7), and b(1) = 0.

Credit demand. The next proposition extends Lemma 1 on entrepreneurs’ credit demand by
incorporating the pledgeability constraint and emphasizes that capital value, ¢, in equilibrium is

no longer a constant as in the frictionless economy but instead it varies with 7.

Proposition 4 (Credit Demand Curve) The credit demand curve is characterized as follows:

o Given q¥, the entrepreneurs’ optimality condition (8) for [P holds and implies a downward-
57D
sloping demand curve in the space of loan rate and loan amount, (R;,[P), i.e., gl—ét <0, if

the pledgeability constraint does not bind, i.e., l? < th ; otherwise, l? = th .
e Capital value, qI* = ¢"(n;), is a function of n,. It shifts the credit demand curve in the space

olp
.y 8th{ Z 0.

of (Ry,IP): given any loan rate R, credit demand is increasing in ¢, i.e

The proof is in Appendix A. Given ¢, the concavity of F (-) implies a downward-sloping

curve in the space of loan rate and loan amount, (R;, ) through the optimality condition (8).
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Panel A: Credit Market with Sufficient Collateral Panel B: Credit Market with Insufficient Collateral
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Figure 1: Credit Market. In the space of credit per unit of capital, I; (the horizontal axis), and loan rate, R; (the
vertical axis), this figure plots the entrepreneurs’ credit demand (blue dashed line), equation (8), the pledgeability
constraint (3) on [; at ¢/ marked by the square point (vertical grey dashed line), and bankers’ credit supply (red solid
line), equation (20), given 7, ¢~ and €. The credit market clears at the intersection marked by the round points. The
triangle point marks the investment target given by equation (22). Panel A illustrates the case where the pledgeability
constraint does not bind, i.e., [; < ¢/ . Panel B illustrates the case where the pledgeability constraint binds, [; = ¢/<.

The value of capital, ¢/, reflects the entrepreneurs’ expectations of capital growth path and cost
of credit, shown by the equilibrium condition (11). An increase of ¢/* reflects an improved expec-
tation of capital growth and future credit conditions, so entrepreneurs want to obtain more credit
to finance the creation of new capital, resulting in the credit demand curve shifting outward, i.e.,

alp
dqf

> 0 for any value of Ry, in the region where the pledgeability constraint does not bind.

Credit market clearing. Figure 1 illustrates a time-¢ snapshot of the credit market. Given the
value of 7, capital value and the elasticity of margin value of bank equity, i.e., ¢ = ¢%(n;)
and €2 = €5 (n,) respectively, are pinned down so that we can locate the credit demand and supply
curves in the space of loan rate (the vertical axis) and loan amount per unit of capital (the horizontal
axis). In both Panel A and B, the credit supply curve (red solid line) is drawn starting from [y = 7,
where bank lending is fully equity-financed (i.e., the asset-to-equity ratio, z, = 1). Atly = n,
the loan rate is p + 0 as shown in (20), and as ltS increases, the loan rate increases with the slope
given by b(7;) in Proposition 3. In both Panel A and B of Figure 1, the credit demand curve has two
parts. The gray dotted line represents the pledgeability constraint and located at [” = ¢/*. The blue
dashed line represents the relationship between loan rate and loan amount when the pledgeability

constraint is not binding, given by the optimality condition (8). In the figure, /; denotes where this
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line crosses the hypothetical loan rate R; = p + 4, i.e., the level of borrowing when the loan rate

does not incorporate loan risk premium and when the pledgeability constraint does not bind:
Ma Fr (1) — 1] = p. (22)

The market-clearing (/;, R;) is marked by the round points in Figure 1.
In Panel A, the pledgeability constraint does not bind, and the market clears at [; < ¢~,

where the demand and supply curves implied by (8) and (20), respectively, intersect:

A [QK(%)F, (L) = 1] = p+bne) (L — ne) - (23)

In Panel B, the pledgeability constraint binds, I; = ¢/*. The shadow price of pledgeability con-
straint is equal to the wedge between market-clearing ?; and the hypothetical (higher) loan rate at
the intersection of demand and supply curves implied by (8) and (20), i.e., the hypothetical market-
clearing rate if the pledgeability constraint were to be eliminated. Under the equilibrium loan rate
Ry, entrepreneurs would like to borrow more, as the marginal value from investing, \[¢/ F'(I;) —1],
is above the borrowing cost, i; — 9, i.e., the right side of (8) is greater than the left side.

The dynamic economy can be viewed as a sequence of credit-market clearing that progresses
over time, driven by 7,. The state variable, 7),, dictates the credit-market conditions. It enters the
credit demand curve via ¢ (7;) in the pledgeability constraint (3) and optimality condition (8). It

enters the credit supply curve given by (20) through € (,) in slope of the supply curve, b(7;).

3.3 Credit Market Dynamics

The analysis so far focuses on credit-market clearing in one state of the world given by the value
of ;. Once 7; is fixed, the values of ¢* (1;) and € (1)) are given, and they determine the locale
and shape of credit demand and supply curves, respectively. Next, I characterize how the credit
demand and supply curves evolve as 7, varies over time and responds to shocks.

A parameter condition is imposed for the next proposition: @ > 1. Bankers’ discount
rate being higher than households’ (impatience) is a force contributing to leverage (i.e., bankers

borrowing from households). The condition requires discount-rate wedge to be large enough after

loan risk adjustment so that bank leverage, x,, is high enough.?* In Section 3.4, numerical solutions

2This condition is satisfied under standard parameter values. For example, for o = 0.1 (see Appendix C for
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Panel A: An Increase of Credit-Supply Elasticity Panel B: Credit Demand Expansion
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Figure 2: Credit Market Dynamics. In the space of credit per unit of capital, /; (the horizontal axis), and loan
rate, R; (the vertical axis), this figure plots the entrepreneurs’ credit demand (blue dashed line), equation (8), the
pledgeability constraint (3) on I; at ¢/ marked by the square point (vertical grey dashed line), and bankers’ credit
supply (red solid line), equation (20), given 7, ¢X and €. The credit market clears at the intersection marked by the
black round points. The triangle point marks the credit level given by equation (22). Panel A illustrates the expansion
of credit supply through the decline of b, in Proposition 5, from line 1 to 2, which is induced by the increase of the
state variable 7, to 1y44;. The resultant movement of market-clearing point is from point A to B. Panel B illustrates the
expansion of credit demand that is due to the increase of qf( when 7, increases in 1;44; (Proposition 6). The increase
of g& causes the blue dashed line (given by Equation (8)) and the vertical gray dashed line (pledgeability constraint)
to shift outward, from position 1 to 2. The resultant movement of market-clearing point is from point B to C.

show realistic leverage under this condition. The proof of next proposition in Appendix A.

Proposition 5 (The Procyclicality of Credit Supply) The slope of credit supply curve, b () given

db(n:)

by (20), is strictly decreasing in n,, i.e., e

< 0. Therefore, an increase of n; causes credit sup-

ply, given by Proposition 3, to expand at any loan rate, R;.

Credit supply becomes more elastic when banks become better capitalized. Graphically, an
increase from 7; to 1,4 rotates the credit supply curve clockwise by reducing the slope according
to Proposition 5 and moves the intercept outward as shown in (20). This is illustrated by the credit-
supply expansion from Line 1 to Line 2 in Panel A of Figure 2. So, for any given R,, bankers
lend more when 7); increases. As a result, the market-clearing point moves A to B along the credit
demand curve. State-dependent credit supply emerges from bankers’ financial constraint in the
form of equity issuance cost. As previously discussed, if Y = 0, ¢ = 1 and b; = 0 (under

eB = 0), and credit supply is always perfectly elastic at R; = p + §. Under y > 0, credit supply is

parameters used in the numerical examples), the condition requires a discount-rate wedge of at least 50 basis points.

20



Present Future
date t date t + dt date t + 2dt

Positive shock

S

Elastic Credit supply: loan rate | Elastic Credit supply: loan rate | Elastic Credit supply: loan rate |

4

— Loan increases — Loan increases > Loan increases
Credit Credit Credit
demand 71 demand 1 demand T
Capital grows faster in dt Capital grows faster in dt Capital grows faster in dt

4

- : K . — : Ko os — : Koo ses
Capital value ¢;* increases <~ Capital value g;\ 4, increases «—— Capital value ¢, ,, increases

4

— Relaxed pledgeability constraint — Relaxed pledgeability constraint —— Relaxed pledgeability constraint

Figure 3: Credit Market Procyclicality: Contemporaneous and Intertemporal Feedback Channels. This figure
illustrates the mechanisms behind procyclicality of the credit market. Following positive shocks, the supply curve
becomes more elastic and bankers charge a lower loan rate, which leads to more borrowing by entrepreneurs, faster
capital growth, and higher capital value (black arrows). Higher capital value relaxes the pledgeability constraint,
allowing entrepreneurs to borrow even more (black arrow). As the shock’s impact is persistent, the path of expected
credit cost shifts downward and path of expected capital value shifts upward. The expected increase of capital value
feeds into a higher current value of capital (olive arrows), which in turn stimulates entrepreneurs’ current investment
need and expands the credit demand, which further raises the equilibrium level of credit (teal blue arrows).

more elastic when banks are better capitalized and thus less financially constrained. The illustration
in Panel A holds the credit demand curve fixed. However, in equilibrium, as 7; increases and the
credit-supply condition improves, the credit demand curve responds as well, illustrated in Panel B.

I will explain the mechanism following the next proposition. The proof is in Appendix A.

Proposition 6 (The Procyclicality of Credit Demand) The equilibrium capital value, ¢* (n;), is

strictly increasing in 1, i.e., %n(tm) > 0, in (ﬂ, ﬁ). When n = 1 or 7, % = 0. Therefore, an

increase of 1 causes credit demand, given by Proposition 4, to expand at any loan rate, R;.

The procyclicality of credit demand arises from contemporaneous and intertemporal chan-

nels illustrated by Figure 3. Consider 7; € (Q, ﬁ) and a positive shock, dZ;, increases 7;. Credit
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supply is more elastic and banks charge a lower loan rate (Proposition 5). As a result, entrepreneurs
borrow more and grow capital faster, which increases capital value, as shown in (11). The increase
of ¢f implies greater gains from investment and also relaxes the pledgeability constraint (black
arrows), inducing a stronger credit demand (teal blue arrows). The market-clearing level of credit
rises because both credit supply and demand expand. This is the contemporaneous channel.

An intertemporal channel further increases capital value because the shock’s impact is per-
sistent. Financial constraint (the equity issuance cost) leads to precautionary savings—that is,
following the positive shock, bankers would not immediately consume the associated earnings but
instead retain earnings to accumulate equity, i.e., the financial slack, to prevent costly equity rais-
ing when 7, is low. As a result of retained earnings, not only the current value of 7, increases,
the positive shock lifts the whole path of 7, into the future. Therefore, the positive shock not only
leads to a credit-supply expansion now but is also anticipated to push outward future credit supply
curves.?* Accordingly, entrepreneurs foresee a higher market-clearing level of credit provision on
the equilibrium path and faster capital growth rates going forward. An improved growth trajectory
feeds into a higher current value of capital, ¢, through the expected appreciation x, as shown in
(11). Moreover, higher values of ¢/* relax the pledgeability constraint along the growth path. The
olive-colored arrows in Figure 3 show the intertemporal channel of such credit-demand expansion.

Proposition 6 shows that capital value, ¢ = ¢* (1), is an increasing function of state vari-
able 7, the ratio of bank equity to capital stock that measures the intermediation capacity relative
to the size of economy. Figure 3 demonstrates the mechanisms behind % > 0.2 It is ulti-
mately the current credit-supply conditions and entrepreneurs’ expectation of future credit-supply
conditions that drive capital value, which in turn determines the credit demand curve. In other
words, procyclicality originates in the banking sector. The direct impact of shocks is on bank
equity and its intermediation capacity. Credit demand also responds because the value of capital
reflects entrepreneurs’ expectation of credit provision and capital growth on the equilibrium path.

Back in Figure 2, Panel A shows the credit supply curve shifts outward and becomes more

24Mathematically, in the interior region, i.e., n; € (1,7), ¢Z(1;) is strictly above 1 under x > 0 (i.e, there exists
equity issuance costs). Given that ¢ (7;) is a continuous function of 7;, g2 cannot suddenly jump downward to 1
and trigger payout following a positive Brownian (diffusive) shock to 7, i.e., dZ; > 0, that cannot cause 7; to jump
from the interior region to the payout (upper) boundary, 7. Therefore, the increase of 7, is expected to dissipate only
gradually into the future as a subset of future realized paths of 7, lead to 7 after 7, increases over certain periods
of time. In contrast, under x = 1, ¢®(n;) = 1 and bankers consume any earnings and do not precautionarily save.
Therefore, the persistent impact of shocks is ultimately due to the equity issuance cost.

25 Asset price variations tend to be driven by discount-rate variations (e.g. Cochrane (2011)). In the model, discount
rate is fixed at p, so the variation in ¢ is purely driven by entrepreneurs’ investment gains and borrowing cost.
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elastic following an increase of 7, (Propositions 5) and the market-clearing point moves from Circle
A to B. The mechanism does not end here. In Panel B, ¢* increases under a higher 7; (Proposition
6) and causes the demand curve (blue dashed line given by (8)) to move from line 1 to 2 and
pushes outward the vertical gray dashed line that marks the pledgeability constraint [; < ¢X. The
market-clearing point moves further from Circle B to C along the more elastic supply curve.

The next proposition summarizes how the equilibrium level of credit provision varies with 7,.
The proof is in Appendix A. In the frictionless economy, the equilibrium level of credit provision,
l;, 1s constant, and there does not exist credit cycle. In contrast, when financially constrained banks

are required to intermediate the supply of funding, credit cycle emerges, that is /; varies with 7.

Proposition 7 (The Procyclicality of Equilibrium Credit) The equilibrium level of credit per unit

of capital, I, = 1 (n,), is strictly increasing in 1, i.e., dfi(:]?:) > 0.

Next, I characterize the sources of inefficiency. In Figure 1, the level of credit, [/, which is
given by (22) and marked by the triangular points in Figure 1, acts as an efficiency benchmark. It
is the market-clearing level of credit in the absence of entrepreneurs’ pledgeability constraint and
loan risk premium that is due to bankers’ equity issuance cost. In Panel A, the wedge between the
equilibrium level, /;, and [; is caused by loan risk premium. Should bankers’ equity issuance cost
is zero (y = 0), the marginal value of bank equity would be a constant equal to one (¢” = 1 and
thus € (n;) = 0), and credit supply would be perfect elastic at the loan rate R; = p + . Therefore,
the wedge between [; and [} in Panel A is ultimately due to bankers’ equity issuance cost. In Panel
B, l; < [} is due to the binding pledgeability constraint, [; = ¢X. The frictions—bankers’ equity
issuance cost and entrepreneurs’ pledgeability constraint—Iead to inefficiency.

The analysis so far has compared the equilibrium level of credit, /;, against [; yet, [; still
depends on capital value ¢~ (see the definition of [} given by (22)), and ¢/* is endogenous and
reflects entrepreneurs’ expectation of future credit provision and capital growth on the equilibrium
path. Therefore, using [} as an efficiency benchmark serves the purpose of illustrating the mecha-
nisms but does not fully account for inefficiency. The next two propositions formally state that the
equilibrium capital value, th , 1s below the frictionless benchmark, qu( p 1n Proposition 1, and the

equilibrium credit provision, l;, is below {5 in Proposition 1. The proofs are in Appendix A.
Proposition 8 (Capital Value Wedge) ¢ (1,) < gy forn, € [n,7) and ¢* () < qfp.

Proposition 9 (Credit Wedge) [(1;) < lpp formn, € [Q, ﬁ) and (1) < lpp.
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This proposition states that the frictions—bankers’ equity issuance cost and entrepreneurs’
pledgeability constraint—cause the equilibrium level of bank credit and entrepreneurs’ investment
to be inefficiently low. Proposition 7 implies that, when bank equity increases relative to the size
of real economy (i.e., 7, = E;/ K, increases), the resultant expansion of credit supply and demand
leads to an increase in [; = [(7;), narrowing the wedge, [rp — [;, in Proposition 9. As 7, evolves

over time, the economy features credit booms (high-7; states) and credit crunches (low-7; states).

3.4 Credit Boom-Bust Cycles

The equilibrium is driven by 7, the ratio of bank equity to capital stock, which measures the
scarcity of bank equity. As shown in Proposition 5 and 6, both the credit supply and demand
curves vary with 7;. As a result, /;, the equilibrium credit level, is increasing in 7; (Proposition 7).

Therefore, the key to understanding the credit boom-bust cycle is the law of motion of 7,
given by (16), and in particular, its diffusion and drift terms. This law of motion governs the
transition across different states of the economy. The diffusion term, (x; — 1), which determines
how 7, responds to shocks, depends on bank leverage x;. The first component of the drift, r, +
xi(Ry—9d—ry), is the banks’ expected return on equity (ROE), which is the risk-free rate (equal to p
in equilibrium) plus the expected excess return on lending, R; — d — r;, multiplied by bank loan-to-
equity ratio (leverage), x;.2° Next, I characterize the dynamics of bank leverage and ROE, and then,
based on these results, analyze the dynamics of 7; and credit boom-bust cycles. In particular, I will
demonstrate that the economy either spends extended periods in credit booms, characterized by
high values of 7; and high levels of equilibrium credit provision /;, or becomes trapped in stagnant

credit crunches. The transition between these endogenous regimes often occurs abruptly.

Bank leverage dynamics. To clearly demonstrate the economic forces that drive bank leverage
and profitability (ROE), I consider a simple functional form of the investment function: F (I;) =
kl,ifl, < l,and F (ly) = xl if I, > 1. Under this functional form, investment is scalable up to 1.7

And, the following parameter condition is imposed:

JEARE

26The other components are the expected growth rate of Ky, i.e., A\F(I;) — d, and the quadratic covariation term.
2"Note that the pledgeability constraint, [; < ¢/, binds before the capacity constraint, [; < [, thatis ¢/ < I because
qf* < ¢¥ from Proposition 8 and ¢X; < I, the parameter condition at the end of Section 2.
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Note that ﬁ is the hypothetical value of capital without growth opportunities, given by the Gorton
growth formula with the numerator (cash flow), o, and denominator (discount rate) including the
time-discount rate, p, and depreciation rate, 0. This condition states that marginal investment
is profitable even without future growth opportunities.?® This condition ensures that investment
technology is sufficiently profitable, so what drives credit demand is not technological reasons but
entrepreneurs’ expectation of future credit-supply conditions, embedded in ¢/, shown in Figure 3.

Next, I characterize the dynamics of bank leverage and then the dynamics of bank ROE.
When the entrepreneurs’ pledgeability constraint does not bind, x;, the ratio of bank asset (loans)
to equity, is solved from the credit-market clearing condition (23).2” When the pledgeability con-
straint binds, i.e., [; = ¢/*, z; can be solved as through the market-clearing condition (7) scaled by

Ky, ie., nyxy = I, so we obtain z; = Iy /n, = th /m:- The next lemma summarizes the results.

Lemma 6 (Solving Bank Leverage) When the entrepreneurs’ pledgeability constraint does not

bind, bank leverage (asset-to-equity ratio) is given by

A" ()r—1] —p

ry =1+ (24)
t —€eP(m)o?
When the entrepreneurs’ pledgeability constraint binds, bank leverage is given by
K
g, = 2 (25)
Tt

When the pledgeability constraint does not bind, the driving force of credit demand is cap-
tured by A [qK (me)k — 1} — p in (24), the marginal profit from entrepreneurs’ investment. If in-
vestment is more profitable, the entrepreneurs’ demand for credit strengthens, inducing bankers to
raise leverage. Banks’ willingness to increase loan risk exposure through leverage also depend on
their risk-taking capacity, captured by —e? (), defined in (17), the elasticity of ¢”(7,), bankers’
marginal value of wealth, with respect to the state variable, ;. Lemma 3 shows that ¢Z(n;) is
B(

decreasing in 7, so we have ¢ (1;) < 0. The next lemma shows how ¢ () varies with 7,.

280n the left side of the inequality, investment is successful with probability Adt in creating & units of no-growth
capital (worth ﬁ per unit) out of 1 unit of goods invested, and with probability 1 — Adt, the investment fails, acting
as a storage technology. On the right side is the required rate of return or discount rate, pdt. The dt is then canceled on
both sides. Proposition A.1 in Appendix A formally proves the equilibrium capital value with growth opportunities,
qk€, is greater than ﬁ. Therefore, investing in capital with growth opportunities is even more profitable.

2 Specifically, by substituting out I; with x;7; (based on the K};-scaled market-clearing condition (7)) and substitut-
ing out the slope of credit supply curve, b(n;) with —eB(n,)a? /n; (see (21)), x; can be solved from (23).

25



Lemma 7 (Bank Risk-Taking Capacity) ¢”(n,), defined in (17), is strictly increasing in 1;.

The proof is in Appendix A. When bank equity becomes more scarce (1), decreases), € (1) is
more negative. As a result, bankers’ marginal value of wealth, qf , 1S more sensitive to variation of
the state of economy, and their risk-taking capacity shrinks, reducing leverage x;. In contrast, as 7;
increases, €2 (1;) becomes less negative, driving up bank leverage. This is the force of procyclical
risk-taking capacity on the credit supply (bank) side. Moreover, as shown in Proposition 6, ¢ (7;)
is also increasing in 7, reflecting the procyclicality of investment profits on the credit demand
(entrepreneur) side. Therefore, both the numerator and denominator of x; in (24) contribute to the
procyclicality of bank leverage when the pledgeability constraint does not bind.

In contrast, when the pledgeability constraint binds, bank leverage x; is countercyclical (de-
creasing in 7;) as 7; approaches the upper bound, 7. As shown in Proposition 6, d¢”* (n;) /dn;
approaches zero as 7, approaches 77 where bankers no longer retain earnings. This is because the
intertemporal channel in Figure 3 weakens: as 7, approaches 7, entrepreneurs no longer foresee
a persistent impact of positive shocks to 7;, because 7, cannot go beyond the bankers’ optimal
consumption boundary, 77 at which any increase in bank equity will not be retained but consumed.

In summary, when firms have spare debt capacity, bank leverage is given by (24) and is

procyclical (increasing in 7). When 7, is sufficiently high, bank leverage becomes countercyclical.

The next proposition summarizes the hump-shaped dynamics. The proof is in Appendix A.

Proposition 10 (Bank Leverage Cycle) When the pledgeability constraint does not bind, dflgzt) >
0. There exists < 7 such that, at n; > 1, the pledgeability constraint binds and %ﬁt) < 0.

To visualize the bank leverage dynamics in Proposition 10, I solve the Markov equilibrium
numerically using the method in Brunnermeier and Sannikov (2014).3° In Appendix B, I discuss
the calibration of y, the equity issuance cost by reviewing the related empirical literature. In
Appendix C, I discuss the calibration of other parameters. For robustness, I also report the model
solution under an alternative investment technology as well. The baseline technology is scalable
(constant return-to-scale or “CRS”) up to [, while the dashed line represents a decreasing return-
to-scale (DRS) technology, F'(l;) = kl;* with k; < 1. The calibration exercise in Appendix C

intentionally avoids involving any bank characteristics, so the dynamics of bank leverage and ROE

39As in Brunnermeier and Sannikov (2014), solving Markov equilibrium in Proposition 2 involves converting the
equilibrium conditions into a system of differential equations for endogenous variables, such as capital value and
bankers’ marginal value of wealth. The proof of Proposition 2 in Appendix A provides details on the method.
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14 A: Bank Leverage (Asset/Equity) " B: Bank Return on Equity

Figure 4: Bank Leverage and ROE Dynamics. This figure plots bank leverage and return on equity (ROE) as
functions of 7, in Panel A and B, respectively, under CRS (solid line) and DRS (dashed line) investment technologies
in the production sector. This figure is based on numerical solutions with parameters calibrated in Appendix B and C.

can be viewed model predictions rather than calibration targets. Moreover, I emphasize that the
model is designed with minimal ingredients to demonstrate theoretical mechanisms rather than to
replicate empirical patterns that depend on forces in the model and those outside the model.

Panel A of Figure 4 illustrates how bank leverage, ,, varies with the state variable, 7;. Con-
sider a path of 7, increasing from 7 and eventually reaches 7, representing an economy recovering
from a credit crunch and evolving into a credit boom. Bank leverage increases at first when the
pledgeability constraint does not bind. A contributing factor is the expansion of credit demand
fueled by entrepreneurs’ expectation of improving credit-supply conditions in the future that in
turn contributes to an improving prospect of capital growth as illustrated in Figure 3.

As 1, keeps increasing and passes the threshold 7, credit supplied by bankers has grown to a
level where the entrepreneurs’ pledgeability constraint binds (i.e., I; = ¢/*), so, any further growth
of equilibrium level of credit solely lies on the rising capital value, ¢/. However, as 7; approaches
7, the increase of capital value in 7, tapers off, as previously discussed (at n; = 7, %n(t’“) =0
in Proposition 6). Therefore, the growth of bank asset (Ilending) cannot catch up with that of
equity, resulting debt being “crowded out” and bank leverage, z;, being countercyclical. Such
hump-shared relationship between z; and 7, holds both CRS and DRS investment technologies.

Finally, I want to highlight an empirical prediction of Proposition 10. In the model, a bank
represents a financial intermediary that corresponds to commercial banks or other credit inter-
mediaries in reality. Different types of credit intermediaries serve different borrower clienteles.
The model shows that the leverage of credit intermediaries is procyclical when the borrowers’

pledgeability constraint does not bind and countercyclical when the pledgeability constraint binds.
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Therefore, when empirically examining leverage cyclicality of credit intermediaries, it is important
to condition on whether their borrowers’ pledgeability constraint binds. This observation is rele-
vant for analyzing both the aggregate intermediation sector and the cross-sectional heterogeneity
across different types of intermediaries. In reality, it can happen that one type of intermediaries
exhibit procyclical leverage as the borrowers they serve do not face a binding pledgeability con-
straint, while another type of intermediaries exhibit countercyclical leverage as their customers’
(borrowers’) pledgeability constraint binds. As previously emphasized, the goal of this paper is
not to replicate empirically observed patterns of leverage cyclicality, which depend on economic
forces in and outside of my model. The goal is to demonstrate new theoretical mechanisms on

leverage dynamics and, importantly, their implications on the credit boom-bust cycles.

Bank profitability dynamics. Bank ROE also exhibits a hump-shaped relationship with 7, as

bank leverage does. First, consider the case where the pledgeability constraint does not bind:
ROEt:Tt+(Rt—5—Tt>It:p+()\[thli—l]—p)ZBt (26)

where 7, 1s substituted out by p, the equilibrium value, and ()\ [qK (n)k — 1] — p) replaces R; — 0
as (8) holds when the pledgeability constraint does not bind. This equation reveals that bank return
on equity comes from two sources, entrepreneurs’ investment profit that drives credit demand,
and leverage, z;. From Proposition 6, qf( is increasing in 7, and, from Proposition 10, x; is also
increasing in 7;, which together imply that bank ROE is increasing in 7;. When the pledgeability
constraint binds (i.e., 1, > 1 where 7 is defined in Proposition 10), the next proposition shows that

bank ROE becomes decreasing in 7;. The proof is in Appendix A.

Proposition 11 (Bank ROE Cycle) For n, < 1, where 1 is defined in Proposition 10, the pledge-

dROE(n;) dROE(n:)

an: < 0.

ability constraint does not bind, and we have > 0. Forn, > 1, we have

Both bank leverage and return on equity are increasing in 7); (procyclical) when 7 is low and
decreasing in 7; (countercyclical) when 7, is high. Such hump-shaped dynamics have important
implications on credit cycles. For example, in low-7); states where the equilibrium level of credit is
low (see Proposition 7), both bank ROE and leverage are low. A low ROE implies that the expected
growth rate of bank equity and the drift of 7, are low, and a low bank leverage implies that 7, is

not very responsive to shocks. As a result, once entering into low-7), states (credit crunches), the
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economy gets stuck there. Next, I characterize the credit boom-bust cycles through the law of

motion of 7, that in turn depend on the results discussed so far about how bank leverage and ROE.

Credit boom. Bank leverage and ROE dynamics in Proposition 10 and 11, respectively, have
critical implications on the long-run dynamics of the economy, i.e., the amount of time the econ-
omy spends in credit boom (high-7); states) and crises (low-7, states) as described by the stationary

distribution of 7, that is formally introduced in the next lemma. The proof is in Appendix A.

Lemma 8 (Stationary Distribution) The density function of stationary distribution, p (1), is solved

by the following ordinary differential equation (ODE):

1" () p(n) — =— (¢ (n)*p(n)) =0, 27)

where 11" (1) and o (n) are defined in the law of motion of 1, given by (16).

The economy is stable near the upper boundary 77 where the level of credit provision is the
highest (see Proposition 7). According to Proposition 10, when firms’ pledgeability constraint
binds in high-7; states (i.e., 1, > 7)), bank leverage tends to be low, which implies that 7, is
insenstive to shocks (its diffusion is given by o/ = (z; — 1) in (16). Therefore, the stationary
distribution density, p (7;), has a local maximum at 77. The local maximum of density implies that

the economy tends to spend a relatively large amount of time near 7. The proof is in Appendix A.

Proposition 12 (Stable Credit Booms) There exists a constant ng > 1, where 1) is defined in

Proposition 10, such that in the interval (ng,7), the stationary density, p (n;), is maximized at 7.

Credit crunch. Credit crunches happen when 7, is low and near n where bankers pay the equity
issuance cost and recapitalize. In these low-7), states, credit supply is inelastic (Proposition 5), and
credit demand is weak (Proposition 6), resulting in low levels of credit provision and investment
(Proposition 7). To clarify the intuitions about crisis dynamics, I first characterize how long it
takes to recover and then relate the long-run probability of crises to the dynamics of bank leverage
described in Proposition 10 and that of bank ROE in Proposition 11. I consider the most severe
crisis where 7, has fallen to its lower boundary 7. The recovery time, g (n), is defined as the
expected time it takes for 7, to reach any value n > 7 from 7, ie., g (n) = E [7’ —t|n = Q] ,

where 7 = min{s >t : n, > n}. The proof of next lemma on recovery time is in Appendix A.
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Lemma 9 (Recovery Time) The expected time to reach 1) from 1, g (n), is solved by the ODE

o (n)? ,

L—g (m)u"(n) — 5 g" (n) =0,

with the boundary conditions, g (Q) =0and g (ﬂ) = 0.

According to Proposition 11, when 7 is low, bank ROE is low, so the accumulation of bank
equity through retained earnings is slow, which already suggests that the economy tends to get
stuck in low-7), states. Moreover, according to Proposition 10, bank leverage is low when 7, is low
so 1), is not very sensitive to shocks (see the law of motion (16)). A low leverage limits the impact
of both positive and negative shocks on 7;. However, this dampening effect is mainly relevant for
positive shocks, as the impact of negative shocks is already limited by the lower bound 7, that is
negative shocks cannot push 7, down below 7 where bankers optimally pay the equity issuance
cost and recapitalize. Therefore, low leverage in low-7), states mainly serves to dampen the impact
of positive shocks and thus contributes to stagnant credit crunches. In fact, the next proposition

shows that the lower bank leverage is, the more sluggish recovery is out of credit crunches.

Proposition 13 (Sluggish Recovery) The expected time to reach 1 from 0, g(n) in Lemma 9, in
increasing and convex (quadratic) in 1. Moreover, there exists a constant nr > 1 such that, for

anymn € (ﬁ, 77R), a decrease in bank leverage at 1 leads to an increase in g().

The proof is in Appendix A. This proposition shows that at 7, = 17, the expected time it
takes to reach ) > 7 increases quadratically as the destination state becomes more distant. This
result offers a concrete description of the stagnant nature of crises in the model. Next, I show
that the recovery path is not only slow but also fragile. The economy recovers from a crisis if
bankers accumulate equity through retained earnings or experience a sequence of positive shocks
that increase 7;. According to Proposition 10, when 7, is small (< 7), bank leverage is increasing
in 7;. Therefore, as 7, increases and drives up bank leverage, 77, becomes more sensitive to shocks
(the shock loading is o = (x; — 1) o in the law of motion (16)). The increase in shock sensitivity
implies that negative shocks can easily push the economy back to low-7), states. In summary,
recovery from a crisis is slow, and the path is fragile due to leverage procyclicality. The next

proposition shows that the economy gets stuck in the low-7, states. The proof is in Appendix A.

Proposition 14 (Stagnant Credit Crunch) There exists a constant nc < 1, where 1 is defined in

Proposition 10, such that in the interval M, nc), the stationary density, p(1;), is maximized at ).
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The economy tends to spend more time in credit booms (7; near 77) and credit crunches (7;
near 7)) accordingly to Proposition 12 and 14, respectively, as there are two modes of the stationary
density at the two extreme values of 7;. A key force is the hump-shaped relationship between bank
leverage and 7;. A corollary of leverage procyclicality in low-7; states and countercyclicality in
high-7, states is that the economy spends relatively less time in the intermediate-7), states where
bank leverage is high and the economy is very responsive to shocks. In other words, the transition
between high- and low-7); states can be fairly swift. These results speak to the empirical findings on

the multimodality of macro and financial conditions (Adrian, Boyarchenko, and Giannone, 2021).

4 Application: Policy Intervention

Since the Global Financial Crisis (GFC), governments around the world, including both fiscal au-
thorities and central banks, have intervened actively to sustain credit supply during major economic
downturns (Gertler and Kiyotaki, 2010). During the Covid-19 pandemic, not only the GFC-era
programs were reinstated, but new programs were introduced to provide credit directly to nonfi-
nancial firms, such as the Primary and Secondary Market Corporate Credit Facilities (PMCCF and
SMCCEF) in the U.S. The model provides a new framework for understanding credit interventions.

To capture the design of credit intervention in practice, I consider the following policy. The
government lends /() to entrepreneurs with [%(n;) = 0 if n; > n® and [9(n;) = wy — win: > 0
for n, < n“ where w; > O—that is, the government intervenes if the private sector’s capacity to
supply credit, which depends on 7, is below a threshold, and increases the scale of intervention as
1, declines further.®! In line with the design of PMCCF and SMCCF and other programs, credit
is provided by the government at the market loan rate, 12;.>> Therefore, intervention essentially
shifts outward the credit supply curve: for any loan rate R;, aggregate credit supply is the sum of

bank-supplied credit, 7, + (R; — p — 0) /b(n,), which is obtained from rearranging the supply curve

31 The threshold, nG, is introduced in line with Section 13.3 of the Federal Reserve Act, which permits it in “unusual
and exigent circumstances” to make loans to the private sector. The statute makes clear that in normal times the Federal
Reserve is not permitted to take on private credit risk.

32For publicly traded bonds, the government can rely on market prices, e.g., PMCCF and SMCCEF in the U.S., and
if a firm’s debt is not publicly traded, the government can lend alongside banks and rely on banks’ pricing of loans,
e.g., the Main Street Lending Program (MSLP) in the U.S. during the Covid-19 pandemic.
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given by (20), and government-supplied credit, [%(n,), i.e.,

R, —p—90
IS =+ L2201 19, (28)
b(nt) N——

- Gov. credit

TV
Bank credit

When 7, decreases and bank credit declines (see Proposition 5), [“(7;) increases to supple-
ment credit supply at any R;. In the numerical solution, the parameters of % (), such as n%, wy,
and wy, are set in Appendix C to reflect the scale of intervention during the Covid-19 pandemic.
The goal is not a comprehensive quantitative assessment of credit policy but to illustrate theoreti-
cal mechanisms with reasonable parameter values. Finally, note that to focus on the credit-market
implications, I abstract away other forms of policy distortions: government lending is funded by a
lump-sum tax on households, and repayment is returned to households via a lump-sum transfer.

As previously discussed, the allocation problem in the economy is whether the households’
funds can be channeled to entrepreneurs who have investment opportunities. Banks can intermedi-
ate credit supply but are financially constrained, facing the equity issuance cost. Therefore, credit
intermediation by the government can potentially improve efficiency (Lucas, 2016).

Given the new credit supply curve and the credit demand curve that is still characterized by
Proposition 4, the Markov equilibrium can be similarly solved as in Section 3. Moreover, I compute

the social welfare at time ¢ that is given by the present value of future consumption streams:

W, =E, { / N e P (o — N, Kds | (29)
s=t1

where (a — \l) K ds, the aggregate consumption at time s (> t), is the output oK ;dt minus goods

used for creating new capital K[, \ds.>* Appendix D shows how to compute W;: there exists a

function 6(-) such that W; = 6(n;) K;, and 6(n;) can be solved from a differential equation.

Figure 5 compares the laissez-faire economy and the economy under intervention. Typically,
endogenous variables are plotted against the state variable, 7;. To demonstrate the impact of credit
intervention across different phases of economic downturns, I use a monotone transformation of
n; as the horizontal axis in each panel, so the x-axis is X = AF(l;) — d, the economic (capital)
growth rate, which is an increasing function of 7,.3* In each panel, the plot starts from a growth rate

of -4% and ends at 0%. Note that -4% is not the worst growth rate. In the laissez-faire economy,

3 As a reminder, \ds fraction of firms’ investment succeed over ds while the rest turn out to be storage technology.
3Given credit I;, Adt fraction of investment creates new capital over dt, and ddt fraction of capital is destroyed.
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A: Welfare Improvement B: Time To Recovery
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Figure 5: Credit Intervention in Crises. In all four panels, the horizontal axis is the expected growth rate of the
economy, (1) = AF(l;)—4d, i.e., capital growth via the creation of new capital net off the expected capital destruction
rate, which is a monotonic (positive) transformation of state variable 7;. In each panel, the plot starts from the value
of n; with p(n;) = —4% and ends at the value of 7; with p(n;) = 0%. Panel A compares welfare of the laissez-fiare
economy and that under intervention and reports the percentage improve by intervention. Panel B plots the expected
time it takes to reach different levels of 1(r;) starting from the value of 7, that generates 1(7;) = —4%. Panel C and
D report bank ROE and leverage, respectively, across different phases of a crisis (different values of p(7;)).

the worst growth rate at 7, = 1) is -4.7%, while the worst growth rate is -4.4% under intervention.
It is already evident that intervention improves welfare by limiting the severity of credit crunch.

Panel A of Figure 5 compares welfare of the laissez-faire economy and that under interven-
tion across different phase of economic downturns.* The percentage improvement from interven-
tion is greater when growth is weaker (and 7, is lower) because, by design, the scale of intervention
is larger when 7, is lower. Welfare is improved because the frictionless credit intermediation by
the government partially substitutes out the frictional intermediation by banks that face the equity
issuance cost. As shown in Proposition 5, the lower 7, is, the more inelastic and lower bankers’
supply of credit is as costly equity issuance becomes more imminent (i.e., 7, approaches 7).

The result in Panel B of Figure 5 seems counterintuitive: government credit supply prolongs
the downturn. The figure plots the expected number of years it takes to reach different levels of
economic growth from the state of a severe credit crunch where the growth rate is -4%.%° In the

laissez-faire economy, it takes eight years to reach zero growth rate, while under credit intervention,

33The laissez-faire economy is the economy with decreasing return-to-scale investment technology in Figure 4.
35The computation of expected time to recovery involves solving a differential equation and follows Lemma 9.
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it takes nine years. Section 3 explains how the model generates stagnant credit crunches that take
a long time to recover from, but why does government credit supply prolong credit crunches?

As long as government lending does not satiate entrepreneurs’ credit demand, bank lending is
needed for investment. Therefore, recovery requires the rebuild of bank equity, which in turn relies
on banks’ profits from lending. Intervention affects banks’ lending profits through two channels.
First, by shifting outward the supply curve, intervention pushes down the market-clearing loan
rate along the demand curve. This force reduces banks’ lending profits. Second, by making credit
cheaper across the recessionary states, intervention improves the credit-financed growth of capital
and thereby raises capital value. As shown in Proposition 4, a higher capital value encourages
entrepreneurs to build capital and thus shift their credit demand curve outward. This force increases
banks’ lending profits. The first force denominates in low 7, states in Panel C of Figure 5, so bank
ROE is negatively impacted by intervention, which slows down the rebuild of bank equity.

The last result is about its impact on bank leverage cyclicality and how such impact translates
into not only a sluggish recovery from crises but also a fragile one. Panel D of Figure 5 shows bank
leverage is more procyclical under intervention: bank leverage is lower under intervention when
1; and economic growth are near the lowest, and as 7; increases and the economy recovers, bank
leverage becomes higher under intervention than the laissez-faire case. By reducing lending profits
in the low-7), states, intervention dampens bankers’ incentive to maintain a high leverage. The next

proposition summarizes such policy-induced deleveraging. The proof is in Appendix A.

Proposition 15 (Policy-Induced Deleveraging) There exists a neighborhood of n (low-n; states)

where, as credit intervention reduces the loan rate, R, it also decreases bank leverage, x;.

In Panel D of Figure 5, bank leverage under intervention rises above the laissez-faire case
as 7); increases and the economy recovers. In both economies, banks pay the issuance cost when
raising equity at the lower bound of 7;. To compensate the financing costs, banks must generate
sufficient profits. Under credit intervention, banks do so by raising leverage in high-7), states where
lending profits are relatively high and reducing leverage in low-7), states where lending profits
are low due to credit intervention. In other words, to sustain profits, banks shift their risk-taking
capacity towards high-n; states, resulting in more procyclical leverage under credit intervention.

The dynamics of bank leverage in Panel D of Figure 5 suggests that credit intervention not
only prolongs economic downturns, as shown in Panel B, but also makes recovery more fragile.

Panel B of figure 5 is about the average recovery path and does not reflect the build-up of fragility
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along the path. A low bank leverage at the depth of a credit crunch suggests that the state variable,
¢, 18 not sensitive to shocks and the economy is relatively stable in this region of low private-sector
credit capacity and low growth.>” As 7, increases and the economy recovers, bank leverage rises
faster under credit intervention, and the economy becomes increasingly more sensitive to shocks.
In summary, the comparison between the laissez-faire economy and the economy under in-
tervention shows the following results. First, intervention improves welfare. Second, interven-
tion, by reducing banks’ lending profits and slowing down the rebuild of bank equity, extends the
duration of credit crunches. Third, by amplifying the procyclicality of bank leverage along the
recovery path, intervention makes recovery more fragile. In the model, agents are risk-neutral. For
risk-averse agents, welfare may decrease due to intervention as it prolongs the downturns and ren-
ders recovery more fragile. This paper does not analyze optimal intervention, but the mechanism it
illustrates shows intervention can be harmful in more general settings where agents are risk-averse.
Admittedly, should the government satiates credit demand, providing so much credit that the
marginal value of entrepreneurs’ investment is zero and the first-best investment (given by Propo-
sition 1) is achieved, the economy would no longer need bank credit, and the fact that intervention
crowds out bank profits and slows down the rebuild of bank equity would be irrelevant. However,
itis unlikely that the government can overtake private-sector credit intermediaries as the sole credit

supplier, because in reality, the government faces constraints on its capacity to lend.

Discussion: banking regulations. Capital requirements and leverage regulations may mitigate
the problems caused by credit intervention. For example, regulations that limit bank leverage re-
duce leverage procyclicality along the recovery path, making recovery less shock-sensitive. This
force acts against the impact of credit intervention that amplifies intermediaries’ leverage pro-
cyclicality coming out of crises. However, forcing banks to keep leverage low also reduces their

expected return on equity and expected growth rate of net worth, which then slows down recovery.

S Empirical Evidence

The central feature of the model is that firms’ credit demand is forward-looking with respect to the
banking sector: capital embeds future growth opportunities that require credit, so firms’ current

demand for credit that finances capital creation depends on the expected trajectory of bank equity.

37 As a reminder, the diffusion or shock sensitivity in the law of motion of 7; given by (16) is (z; — 1)o.
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This section takes that feature to data. Because the dynamics of credit demand and bank equity
are jointly determined in the model, we test equilibrium relationships rather than causal effects. In

addition, we test the state-dependent properties of bank leverage cyclicality.

5.1 Data and Variable Construction

Credit demand. Our first set of tests focus on how firms’ credit demand varies with expectations
of bank equity trajectory. The quantity of bank lending is an equilibrium outcome, so identifying
changes in demand would require instruments for loan pricing. We instead measure demand shifts
directly from the Federal Reserve’s Senior Loan Officer Opinion Survey (SLOOS), which asks
each respondent bank whether demand for commercial and industrial (C&I) loans has strength-
ened or weakened over the past quarter, apart from the bank’s own lending terms. The survey is
designed specifically to separate customers’ loan demand and banks’ own credit-supply conditions.
It underlies a large literature on credit supply (e.g., Lown and Morgan, 2006; Bassett et al., 2014);
we use its demand side to uncover various forces that drive credit demand.

SLOOS reports the counts of banks reporting the strengthening and weakening of credit
demand across different reasons. Our sample starts in 1995:Q3 when reasons for credit-demand
changes are reported. Four reasons describe borrowers’ spending needs: investment in plant or
equipment (P E), mergers or acquisitions (M A), inventories (/V'), and accounts receivable (AR).?
All four finance investment in a broad sense—inventories and trade credit build the customer rela-
tionships that support future sales—but they differ in the horizon of the future financing needs they
entail. Plant, equipment, and business acquisition generate growth opportunities requiring credit
over many years. Inventories and receivables turn over within an operating cycle, so the future
needs they generate—the next cycle’s inventories and receivables as the customer relationships
they build convert into sales—Ilie only a year or two ahead. We therefore distinguish investment
for the long term (ILT) from investment for the near term (INT).

Let wfz denote the share of banks reporting weaker demand in quarter ¢ that rate reason r as

important, and wft the analogous share among banks reporting stronger demand. We define

ILT) = = (npp,+7has) . INTY = = (70, + Thre) s (30)

N | —
N —

with the strengthening-side analogues /LT,° and I NT;® defined in the same way from the shares

38The receivables reason entered the survey in 1999:Q3.
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Wft. ILTY (ILTF) is high when banks attribute the weakening (strengthening) of credit demand
to firms cutting (increasing) investment for the long term, and I N7}V (I NT°) when they attribute
it to investment for the near term. Because firms’ credit demand looks forward over the horizon of
future financing needs their investment entails, the two margins should load on the expected bank
equity trajectory at different horizons: /N1 only the near-term segment, and /LT the long-run

segment as well.

Expected bank equity path. Earnings are the margin we focus on for measuring bank equity
accumulation, because payout policies are sticky and, together with issuance, shaped by regulatory
forces outside of our model. In the absence of payout and issuance, the expected growth rate of

bank equity is determined by the cumulative amount of earnings:*’

Eq[bank equity, , ] — bank equity, i E¢[bank earnings, ;] 31)

bank equity, bank equity,

h=1

We proxy the expected increments with sell-side analysts’ consensus earnings forecasts, ag-
gregated so that each measure equals a book-equity-weighted average of expected returns on eq-
. .  EPS™ SHR, .
uity: For fiscal-year horizons h € {1, 2}, Ft(h) — 100 x = = gEi,t " where EPSZ»(,};) is the
consensus earnings-per-share forecast for bank 7’s h-th unreported fiscal year, SH R, ; is shares

outstanding, and B E; ; is current book equity. The far end of the trajectory is measured by LT'G—
analysts’ expected annual growth rate of earnings over the next three to five years—aggregated
as the book-equity-weighted mean across banks. The banking sector comprises I/B/E/S-covered
banks (SIC codes 6000-6099 and 6712). Quarters with fewer than twenty covered banks are
excluded; this floor never binds for F() and F® (the median quarter has more than 250 covered
banks), but fewer analysts publish long-term growth estimates, so it binds for L7T'G; in 2021-2024,

which accounts for the smaller Panel C samples in Table 1 that reports the results of our analysis.

Normal times vs. bank equity drawdown. In the model, credit-supply conditions are more
sensitive to bank equity when bank equity is low than when it is high, so the relation between
forward-looking credit demand and the expected bank equity trajectory is state-dependent. Fol-
lowing Baron et al. (2021), who measure banking distress from large declines of bank equity val-

ues, we construct a value-weighted equity index of U.S. commercial banks (CRSP stocks with SIC

3Floyd et al. (2015) document that banks maintained dividends deep into the 2007—2009 crisis; banks’ distributions
require supervisory non-objection, and seasoned issuance is infrequent and often supervisor-prompted, as in 2009.
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codes 6000-6099 and 6712) and classify quarter ¢ as a drawdown quarter if the index at the end
of ¢ stands at least 20 percent below its running peak, and as normal times otherwise. The index
begins in 1962 and runs through 2026:Q1; starting in 1995:Q3 (the beginning of the SLOOS data),
this yields 47 drawdown quarters that comprise the aftermath of the 1998 turmoil, the 2000-2002
stock market drawdown, the period from the 2007-2009 financial crisis through 2013, the 2020
Covid-19 shock, and the 2022-2023 period of the Federal Reserve rate hiking cycle.

Bank leverage. The second set of tests concerns the cyclicality of bank leverage, which our
model predicts to be procyclical when borrowers’ debt constraint is slack and countercyclical when
it binds. Following the balance-sheet measurement of Adrian and Shin (2010) that study leverage
cyclicality in the financial sector, we use book leverage of the U.S. commercial banking sector from
the Financial Accounts: x; = assets;/(assets, — liabilities; ), quarterly from 1952. Book values are

the appropriate concept because the model’s leverage is a ratio of balance-sheet claims.

Corporate debt capacity. In our model, a firm’s debt capacity is constrained by a natural debt
limit—the present value of all future cash flows. In practice, debt capacity typically depends on
the ratio of debt outstanding and a cash-flow measure (e.g., Lian and Ma, 2021; Chodorow-Reich
and Falato, 2022; Ivashina et al., 2022; Kermani and Ma, 2023; Drechsel, 2023). We construct
a measure of debt utilization intensity as the ratio of nonfinancial-corporate credit-market debt to
the five-year trailing average of the sector profits (“structural earnings”).** The smoothed denom-
inator removes the mechanical spike of debt-to-earnings ratios in recessions, when current profits
collapse; a raw-profits denominator would mislabel downturns—the slack regime in the model—as

periods of binding debt constraints (high debt utilization).*!

The two alternative capacity denom-
inators in Table 2 are five-year trailing average EBITDA and EBIT. In the sample period starting
1952:Q1, the baseline ratio ranges from 2.2 to 8.8 annual earnings over the postwar sample (me-
dian 5.0), the EBITDA-based ratio from 1.7 to 3.8, and the EBIT-based ratio from 2.3 to 8.2; the
rescaled versions map each ratio’s sample minimum and maximum linearly to —1 and +1, so that

the interaction coefficients are comparable across denominators.

40Structural earnings are a twenty-quarter trailing average of NIPA nonfinancial-corporate profits; the baseline uses
after-tax profits without inventory valuation adjustment (IVA) and capital consumption adjustment (CCAdj).

“I'The growth rate of this structural-earnings denominator has a correlation of 0.17 with real GDP growth, against
0.50 for raw profits, so high-utilization periods are not relabeled recessions.
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Other variables. Three controls reflect the other forces that may drive firms’ demand for bank
loans in our first set of tests on how credit demand varies with expected bank equity trajectory.
EBP,, the excess bond premium of Gilchrist and ZakrajSek (2012), prices firms’ alternative,
market-based debt finance. g7, the median Survey of Professional Forecasters projection of real
GDP growth over the next four quarters (Croushore, 1993; Coibion and Gorodnichenko, 2015),
absorbs the broad growth optimism that could move loan officers’ attributions and bank analysts’
forecasts together in an aggregate time series. ¢;, Tobin’s ¢ for the nonfinancial corporate sector
from the Financial Accounts (Tobin, 1969; Hall, 2001), captures both firms’ expected return on
investment and the attractiveness of equity as alternative financing.

For the second set of tests on bank leverage cyclicality, the cyclical reference is quarterly
real GDP growth (log difference), g;. We measure cyclicality against output growth following
Adrian and Shin (2010). In our model, shocks to the economy that trigger cycles hit both bank
equity and aggregate output. I use the growth rate of output as the reference for cyclicality to avoid
mechanical relationship between bank equity and leverage that share balance-sheet components.

The controls in the leverage regressions address macroeconomic conditions that could in-
dependently move banks’ balance-sheet items, and each is available over the full sample period.
CPI inflation captures different inflation regimes that affect both firms’ reliance on bank loans and
banks’ balance-sheet conditions (e.g., Nagel, 2016; Drechsler et al., 2020; Agarwal and Baron,
2024). The change in the three-month Treasury bill rate captures the stance of monetary policy
and the broad interest rate environment, which moves deposit funding and bank lending through
various channels (e.g., Bernanke and Blinder, 1992; Kashyap and Stein, 2000; Drechsler et al.,
2017, 2021; Wang et al., 2022; Wang, 2025). The Baa—Aaa bond spread reflects credit risk and its
pricing (e.g., Lopez-Salido et al., 2017; Krishnamurthy and Muir, 2025).

5.2 Credit Demand and Expected Bank Equity Trajectory

The hypotheses. We estimate the following regression with quarterly observations:
Xe=a+BF+vZ+¢,  Xe{ILTV ILT® INTY INT®}, (32)

where F} is one of the expectation measures (FV, F@ | LTQG) and Z, collects the controls; stan-
dard errors follow Newey and West (1987) with four lags. Our theoretical model predicts § < 0

for the weakening measures and 3 > 0 for the strengthening measures—firms’ investment-driven
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credit demand weakens (strengthens) under expectations of a deteriorating (improving) bank eq-
uity trajectory—and the horizon structure of the measures differentiates the two margins: near-term
investment entails financing needs only a sales cycle or two ahead, so I/ NT' should comove with
the near-term measures FV) and F® but not with LT G, whereas long-term investment entails
financing needs over many years, so / LT should comove with the long-run measure as well.

The controls 7, = (EBP,, g5, q;) address the leading alternative explanation of a comove-
ment between reported demand shifts and analysts’ bank-earnings forecasts: that both simply track
the aggregate cycle or the investment opportunity set. If firms cut investment plans because ex-
pected growth deteriorates, g; and ¢, absorb that channel; if demand rotates between bank loans
and bonds because of the favorable pricing of market credit (bonds), £ B P; absorbs it. In addition,
q; also captures the market pricing of corporate equity (another alternative source of financing).
The coefficient 5 therefore isolates the comovement of the demand composition with the expected
bank equity path beyond what common macroeconomic expectations explain. These estimates
remain equilibrium relationships—in the model, credit demand and bank equity are determined
jointly—so we read [ as a diagnostic of the equilibrium structure rather than a causal response.

In our model, banks’ credit supply is elastic in the region where bank equity is high and
inelastic in the region where bank equity is low. Whichever region the economy occupies now, it
is likely to remain there in the near term—bank equity moves gradually, so migrating to the other
region requires a succession of shocks in the same direction, an unlikely event over short horizons.
Therefore, the conditional distribution of bank equity trajectory is state-dependent, which in turn
implies that firms’ investment-driven credit demand is sensitive to bank equity trajectory in the
region where bank equity is low, and less so in the region where bank equity is high.

This state dependence motivates estimating (32) separately in the regimes defined above:
drawdown quarters, in which the commercial-bank equity index stands at least 20 percent below
its running peak, and normal times. If the comovement between credit demand and expected
bank equity path operates through our mechanism, the loadings on the near-term expectations F'(!
and F'® should be stronger in the drawdown regime—for both investment margins, since a steep
credit-supply schedule constrains all bank-dependent borrowing over the next one or two years.

The state dependence should be less relevant for the relationship between credit demand for
I LT and bank equity trajectory at horizons beyond the next one or two years, because the long-run
distribution of bank equity depends less on the region the economy occupies currently. Having

established the hypotheses, we present the regression results below.
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Table 1: Credit-Demand Composition and the Expected Bank Equity Path

Weakening Strengthening
Drawdown Normal times Drawdown Normal times
Lty INTY 1.7V INTY ILTS INT? ILT? INT/?
1) (2) 3) “) (5) (6) @) (®)
Panel A: expected earnings of the next fiscal year, Ft(l)
rY —1.85%* —328* _0.99 —2.83* 268" 212 096 0.38
(0.49) (0.86) (0.69) (1.59)  (1.23) (1.02) (1.15) (2.17)
R? 0.36 0.52 0.31 0.14 046 045 048 0.13
Observations 47 47 76 76 47 47 76 76
Panel B: expected earnings of the second fiscal year, Ft(z)
r® —1.88°F  —3.02° —1.04 —2.98° 1.87 212 038 —0.36
(0.46)  (1.28)  (0.78)  (1.54) (1.25) (1.12) (1.02) (1.84)
R? 0.35 0.48 0.31 0.15 0.41 0.44 048 0.13
Observations 47 47 76 76 47 47 76 76
Panel C: expected long-run earnings growth, LT G,
LTG, —0.77* 0.10 —1.24** —0.88** 2.68*** 0.91 0.57** 0.87
(0.41) (1.15) (0.36) (0.42)  (0.57) (0.77) (0.23) (0.54)
R? 0.35 0.47 0.38 0.14 0.71 0.28 0.50 0.16
Observations 41 41 71 71 41 41 71 71
Controls Yes Yes Yes Yes Yes Yes Yes Yes

Notes: This table reports estimates of (32) separately in the two bank-equity regimes. The
dependent variables are the composition measures defined in (30)—long-term investment ({ LT")
and near-term investment (I N'T"), on the weakening and strengthening sides—in percent of banks
reporting the corresponding credit-demand change. F(") and F(?) are analysts’ forecasts of bank
earnings for the next two fiscal years scaled by current book equity, in percentage points; LT'G
is analysts’ expected annual growth rate of bank earnings over the next three to five years, in
percent. Drawdown quarters are those in which a value-weighted U.S. commercial-bank equity
index stands at least 20 percent below its running peak. All columns include the controls £ B FP;,
g¢, and g:. Newey and West (1987) standard errors (four lags) in parentheses; *, **, and ***
denote significance at the 10, 5, and 1 percent levels. The sample period is 1995:Q3-2026:Q1;

the smaller Panel C samples reflect the coverage floor on LT'G;.

The results. Table 1 reports the estimates. Panels A and B show that the loadings on the
near-term expected bank equity path are concentrated in drawdown states, and for both invest-
ment margins: a one-percentage-point lower expected return on bank equity over the next fiscal
year is associated with a 1.85-percentage-point higher 7 LT} and a 3.28-percentage-point higher
IN TtW (columns (1)—(2)), the strengthening measures load positively (columns (5)—(6)), and the
second-fiscal-year measure gives similar coefficients. In normal times the loadings shrink and lose
significance—no strengthening-side coefficient is distinguishable from zero, and only I NT}V re-
tains a marginal loading (columns (4)), the residual comovement of near-term funding needs with

the business cycle. The concentration of effects of expected bank equity in drawdown states, shared
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by both /LT and I NT', is in line with our mechanism.

In Panel C of Table 1, we show that /LT loads on the expected long-run growth of bank
earnings in both regimes—the weakening measure at —1.24 in normal times and —0.77 in draw-
downs, the strengthening measure at 2.68 in drawdowns and 0.57 in normal times—whereas I N'T’
is essentially silent on L7T'G; apart from a mild normal-times weakening loading. The fact that
ILT and INT respond according to their respective horizon of future financing needs provides
further support to our mechanism.

It also important to note that within Panel C of Table 1, the loadings also rotate across
regimes in an asymmetric way—another pattern that is in line with our model’s predictions: the
weakening of long-term investment loads on L7'G; more strongly in normal times, whereas its
strengthening loads far more strongly in drawdowns. In our model, when bank equity is already
low, the economy is near the boundary where banks raise equity, so further downside is limited
and firms are more attentive to the upside—credit demand strengthening following bank equity
accumulation—especially over the long run as the state of the economy mean-reverts upward. The
opposite holds in normal times: near 77, further equity accumulation triggers payouts rather than
credit expansion, so the upside is limited and firms are more attentive to the downside—credit

demand weakening following bank equity depletion.

5.3 Borrower Debt Capacity and Bank Leverage Cyclicality

The second empirical exercise tests a distinct equilibrium phenomenon of the model: the state-
contingent cyclicality of bank leverage. When borrowers’ pledgeability constraint is slack, a pos-
itive shock to the economy expands equilibrium lending faster than bank equity accumulates, so
bank leverage rises with the shock—Ieverage is procyclical. As firms exhaust their debt capacity,
the debt limit caps the response of lending: further growth of equilibrium credit still rides on firms’
present value of all future cash flows—the natural debt limit—whose growth flattens as the econ-
omy approaches the top of the cycle, so bank assets grow more slowly than equity and leverage
falls in response to the same positive shock, turning countercyclical. The conditioning variable for
bank leverage cyclicality is the slack in firms’ debt capacity.

We therefore estimate

Alnzy=a+Bg+7 (g x Uim1) + Uiy + 1" Zy + €, (33)
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Table 2: Bank Leverage Cyclicality and Borrower Debt-Capacity Utilization

Debt / structural earnings Debt / EBITDA Debt / EBIT
natural units (X) scaled to [—1, 1] scaled to [—1, 1] scaled to [—1, 1]
@ @ (©) “ &) (©) Q) ®)
gt 1.22%%*  1.09*** —0.11 —0.12 0.11 0.08 0.01 —0.01
(0.44) (0.38) (0.16) (0.13) (0.16) (0.13) (0.16) (0.13)
g X Up_q —0.24**  —0.22*** —0.81*** —0.73*** —0.62*** —0.55"** —0.74*** —0.66"**
(0.08)  (0.07)  (0.27)  (0.24)  (0.19)  (0.17)  (0.23)  (0.21)
Uiy 0.01 0.01 0.04 0.02 0.02 —0.00 0.02 —0.04
(0.13) (0.12) (0.43) (0.41) (0.42) (0.41) (0.44) (0.43)
Controls Yes No Yes No Yes No Yes No
R? 0.01 0.01 0.01 0.01 0.01 0.01 0.02 0.01
Observations 297 297 297 297 297 297 297 297

Notes: Estimates of (33). The dependent variable is the quarterly log change of commercial-bank book
leverage (percent). In columns (1)—(2), U1 is the ratio of nonfinancial-corporate credit-market debt to struc-
tural earnings (a five-year trailing average of after-tax profits), in multiples of annual earnings; in columns
(3)-(4) the same ratio is rescaled linearly so that its sample minimum and maximum equal —1 and +1;
columns (5)—(8) replace the denominator with structural EBITDA and EBIT, similarly rescaled. Columns
with controls include CPI inflation, the change in the three-month Treasury bill rate, and the Baa—Aaa spread.

ko kok

Newey and West (1987) standard errors (four lags) in parentheses; *, **, and *** denote significance at the
10, 5, and 1 percent levels. Quarterly, 1952:Q1-2026:Q1.

where z; is commercial-bank book leverage, g, is quarterly real GDP growth, and U;_; is the lagged
debt-capacity utilization of nonfinancial corporate borrowers. The utilization enters lagged because
we measure the conditional comovement between A In x; and g; with the conditioning state, U;_1,
that should be predetermined relative Alnz, and ¢g;. The conditional cyclicality of leverage is
B + ~vU;_1; the model predicts v < 0, with procyclicality at low utilization and countercyclicality
at high utilization. The controls Z; (CPI inflation, the change in the Treasury bill rate, and the
Baa—Aaa spread) and their roles are discussed in Section 5.1 on variable construction.

Table 2 reports the estimates. Each unit increase of debt-to-earnings multiple lowers the
conditional cyclicality of bank leverage by 0.24; the implied cyclicality, 8 + U, is positive at
low debt utilization and crosses zero at U* ~ 5.0x annual earnings—almost exactly the median
utilization. In the lower half of the historical utilization distribution, bank leverage is procyclical;
in the upper half it is countercyclical, reaching an implied cyclicality of about —0.7 at the 1990
utilization peak (8.8%). The rescaled (linearly standardized to [—1, 1]) columns express the same
estimates in comparable units across debt capacity measures: moving from the midpoint of the
utilization range to its maximum lowers cyclicality by 0.81 with the baseline earnings denominator,

and by 0.62 and 0.74 with the EBITDA and EBIT denominators—the state-contingency is not an
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Figure 6: Cyclicality of bank leverage across borrower debt-capacity utilization. The line plots the
implied cyclicality 5 + yU from column (1) of Table 2, with a 95-percent confidence band from the Newey
and West (1987) covariance matrix. The dotted vertical line marks the zero crossing.

artifact of how capacity is normalized. The interaction is significant at the one percent level in
all eight columns, with and without the macroeconomic controls, and the level of utilization itself
carries no relation to leverage growth (6 ~ 0): utilization matters for how leverage responds to the
cycle, not for its level, which is the form of state-contingency the model produces.

Figure 6 traces the implied cyclicality, § 4+ yU, across the range of utilization, together with
its 95-percent confidence band. At low utilization—below roughly 3.5x structural earnings—the
entire band lies above zero: bank leverage is significantly procyclical. At high utilization—above
roughly 7x—the entire band lies below zero: bank leverage is significantly countercyclical. The
data thus reject not only acyclicality but any single-signed cyclicality of commercial-bank leverage;
the sign of the response depends on how much of their debt capacity borrowers have used.

Adrian and Shin (2010, 2014) document the cyclicality of financial intermediaries’ balance-
sheet management. For the commercial banking sector, book leverage displays essentially no
unconditional cyclicality with respect to output growth. Through the lens of the model, this acycli-
cality is an average over two regimes with opposite signs. The cyclicality of bank leverage matters
well beyond the balance sheet itself, because in the model leverage determines the shock exposure
of the aggregate state. Procyclicality in bad times and countercyclicality in good times place peak

leverage in the middle region: both ends of the cycle carry little leverage, so booms are stable
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and crises are stagnant, while the transition between them passes through the high-leverage middle
region and is swift, making the stationary distribution of the state bimodal—a feature of financial

conditions with strong empirical support (Adrian et al., 2019, 2021).

6 Conclusion

In the model, crises originate on the credit-supply side: because financial intermediaries cannot be
frictionlessly recapitalized, shocks have persistent impact on their net worth and lending capacity.
In response, firms’ demand for credit that finances capital creation weakens, as they anticipate
tighter credit supply in the future that constrains capital growth. Credit-demand contraction re-
duces intermediaries’ profitability and slows their net-worth rebuild. Intermediaries’ investment
opportunities deteriorate when they become undercapitalized, which distinguishes the model from
those that also have intermediaries’ net worth as the state variable but rely on the fire-sale dynam-
ics.*? Credit-demand contraction during downturns is driven not by sentiment but expectations of
persistent credit-supply tightening. Crisis severity and duration are mutually reinforcing.

Two features of credit demand contribute to the emergence of two regimes (booms and crises)
with transitions depending on intermediaries’ leverage choice. The first feature is about how much
firms want to borrow, which is tied to their expectations of future credit availability and capital
growth. When intermediaries’ net worth is low, this force creates the comovement between inter-
mediaries’ net worth and lending profits. It locks the economy in crises and contributes to the pro-
cyclicality of intermediaries’ leverage, making recovery fragile. The second feature is about how
much firms can borrow. When intermediaries’ net worth is high and credit is abundant, firms hit
debt limits, which in turn constrains intermediaries’ asset expansion, making their leverage coun-
tercyclical. The hump-shaped leverage dynamics imply that booms and crises tend to be sticky and
transitions abrupt, because intermediaries’ leverage and shock sensitivity of their net worth—the
state variable—are highest when intermediaries’ net worth is at the intermediate levels.

Our empirical evidence supports both features of credit demand and contributes to the em-
pirical literature on credit markets and intermediary leverage. Empirical studies of credit markets
have identified the contemporaneous effect of a lender’s condition on its supply of credit, typically
by absorbing credit demand. We instead measure demand directly, and relate it to the anticipated

path of bank equity. Investment-driven credit demand moves with the expected path of bank equity,

42 A related insight is also highlighted by Gersbach, Rochet, and Scheffel (2023).
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and the horizon of the response matches the horizon of the future financing needs that investment
entails: demand for long-term investment responds to expected long-run growth of bank earnings,
whereas demand for near-term investment responds mainly to near-term expectations. How much
firms want to borrow thus depends on the expected future supply of credit. How much firms can
borrow, in turn, shapes intermediary leverage: the cyclicality of commercial banks’ book leverage
switches sign with borrowers’ debt-capacity utilization, procyclical when utilization is low and
countercyclical when it is high. Intermediaries’ leverage dynamics depend not only on their own

constraints, the focus of existing theories, but also on the constraints that their borrowers face.
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Internet Appendix
A Proofs

Proof of Lemma 1 and Proposition 4 (entrepreneur optimization). Entrepreneurs maximize

life-time utility, E [ oo

-0 e_ptdc]f“] , subject to the following wealth dynamics:

dw, = —dciE + pifwedt + o widZy + (W — wy) dNy,

where 1’ and o}’ are the drift and diffusion terms that will be elaborated later, d NV, is the increment
of idiosyncratic Poisson process (dN; = 1 if investment creates new capital), and w; is the post-
Poisson wealth. I conjecture that the value function is linear in wealth w;: V; = (;w;, where (; is

the marginal value of wealth, and in equilibrium, follows a diffusion process:
¢, = Guidt + GotdZy,

where ,uf and af are the drift and diffusion terms respectively. Note that (; only depends on the
aggregate dynamics, so it does not jump at an individual entrepreneur’s Poisson shock.
Under this conjecture, the Hamilton-Jacobi-Bellman (HJB) equation is

pVidt = max dcf — (def + {wt(’t,ug + wi Gy’ + wtCtafaz“} dt + (; [y — wy] dt.

{gf ke+dcf <we, 1:<qf}

At any ¢, entrepreneurs allocate wealth between consumption and savings in the form of capital
ownership. Let ¢); denote the cumulative Lagrange multiplier of the budget constraint, so at ¢, di/;
is the shadow price of ¢*k; + dci < w;. After deciding on capital ownership, k;, entrepreneurs
choose the amount of borrowing from the bank for each unit of capital subject to the pledgeability
constraint, [; < ¢X. Let & denote the cumulative value of Lagrange multiplier for the pledgeability
constraint, so at ¢, d&; is the shadow price of [; < th .

In equilibrium, all entrepreneurs hold finite amount of capital, so they are indifferent between
consumption and saving. Thus, the marginal value of savings, (;, is equal to one (i.e., the marginal
value of consumption), and, as a result, uf and af are zero. The HIB equation is simplified under
,utC = (0 and crf = 0, and 1s augmented with the constraints and multipliers:

pVidt = max pfwdt + X [0y — wy] dt + (wp — ¢ k) dibe + ke (¢ — 1) .

{gF ke+dcf <wi, 1, <qf}
Given k; and [,, the wealth drift is

pfwedt = akydt + By (¢S gikivrar — @ ke) — (R — 6) Likydt,

and the wealth jump at the Poisson time is
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ﬁ}t — Wt = th(F (lt) kt — ltkt'

The first term in p;"w,dt is the production flow from capital, and the second term is the appreci-
ation and depreciation from the stochastic destruction and potential reevaluation of capital value.
The loan will be repaid if capital survives; with probability édt — odZ,, capital perishes and the
entrepreneur defaults on the bank loan. Therefore, the cost is [1 — (ddt — 0dZ;)] (1 + dRdt) — 1,
which in expectation is (R; — 0). Second, consider the loan benefit. With probability Adt, the
investment creates new capital that generates a jump in wealth.

The optimality conditions for I; are: d&; > 0 and equality holds if /; < ¢, and
—(Ry — 0) kydt + [qf(F’ (l;) — 1} ki Adt — kyd€ = 0,
Rearranging the equation and dividing both sides of the equation by k;dt, I obtain
Ry —6=X[gF (I,) — 1] — d¢&/dt.

Therefore, when the pledgeability constraint is not binding, d¢; = 0, I obtain the optimality condi-
tion (8) in Lemma 1. When the pledgeability constraint binds, /; = ¢/ and it is possible that the
shadow price of pledgeability constraint is positive, i.e., d& > 0and R, — 8 < X [¢ F" (I) — 1] .

Proof of Lemma 2. Next, I continue from the derivation in the proof of Lemma 1 and Proposition
4 and solve the asset pricing equation (11) for capital. A fraction (6dt — 0dZ;) of capital is to be

destroyed, so the capital evolves as
kivar = ky — (0dt — odZy) ky.
Given the equilibrium capital value dynamics, dq¢* = ¢ uXdt + ¢Xo¥dZ;, T obtain
@S akerar — af ke = qf ke [~ (6dt — 0dZy) + pidt + o dZ, + oot dt] .
The optimality conditions for k; are: di; > 0 and equality holds if ¢*k; + dcf < wy, and
adt+qf (=6 + S + 00}*) dt— (R, — 6) Lidt+ [¢f F (It) — L] At —q;* d+ (¢ — ;) d&, = 0.
Substituting these optimality conditions into the HIB equation, I obtain

pVidt = wydipy.
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Because (; = 1, I obtain V; = w;, and dvy); = pdt. Note that (th — lt) d&; = 0 from the optimality
condition for /;. Substituting di; = pdt into the F.O.C. for k, and rearranging the equation, I obtain

w  a— (R =0)li+ X[ F (L) — 1]
o p— (uf =0 +o0f)

Proof of Proposition 1. In Equation (11), R; — ¢ is replaced by p, the equilibrium effective loan
rate (i.e., the households’ discount rate). When /g is a constant, the numerator of the right side
of (11) is constant and, thus, uX = 0 and o = 0 and ¢/ = ¢& (constant) are consistent. When
qf¥ = ¢B5 is a constant, [rp is a constant. Therefore, there exists a first-best equilibrium where

Irp and g% are constant and given by (13) and (12), respectively.

Proof of Proposition 2. First, I show that when ¢® and ¢ are functions of 7, the market-
clearing level of credit per unit of capital, /;, is also a function of 7;, which then implies that the
market-clearing loan rate, R, is a function of 7;. Moreover, [; being a function of 7, also implies
that bank leverage (loan-to-equity ratio), {, K/ E; = l;/n, is a function of 7,. Therefore, from the
law of motion of 7, given by (16) is autonomous (note that the interest rate offered by bank debt,
14, is equal to p, households’ discount rate, in equilibrium). To show that [; is a function of n, when
qP and ¢ are functions of 7, consider two cases. If the pledgeability constraint binds, [, = ¢~
and therefore is a function of 7. If the pledgeability constraint does not bind, the market-clearing
condition given by (23) implies that /; is a function of 7, (note that b(r,) is defined in (21)). In
summary, I have shown that when th and th are functions of 7, the equilibrium loan amount, /;,
loan rate, R;, and bank leverage, x;, are all functions of 7, and therefore, 7, has an autonomous
law of motion.

Next, I show that when ¢ and ¢ are functions of 7;, the equation (11) for capital valuation
and bankers’ HJB equation (A.1), which can be simplified to (A.4), u? = p — p, constitute a
pair of ordinary differential equations (ODEs) for ¢’ (7;) and ¢” (), i.e., a unique mapping from
n; can be successful verified to be consistent with the equilibrium conditions, as ¢” and ¢ can be

). Therefore, the conjecture that ¢Z and ¢* are functions of

solved as functions of 7, via the ODE systern.43 Instead of first derivatives, I work with elasticities
of (¢%,¢%), " = %, X € {B, K} to simplify expressions. By Itd’s lemma, I obtain

,uX = EX,LLn + L (0-7177)2 quX ie d2qX = 2qX ('U’X — €X'un)

, X e{B,K}.

I have shown that when ¢” and ¢¢ are functions of 7;, 7; has an autonomous law of motion, that

43Equations (A.1) and (A.4), though appear later in the appendix, do not require that ¢” and ¢/< are functions of 7;.
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is the drift, 1", an diffusion, ¢, are both functions of 7;. Thus, from (A.4), I obtain the first ODE.
The equation (11) for capital valuation implies that second ODE, because, first, I have sown that
when ¢” and ¢/¢ are functions of 7;, the credit market-clearing price and quantity, R; and l;, are

K — KoM, There are two sets of boundary conditions

functions of 7;, and second, by 1t0’s lemma, o
for this pair of ODEs. The first set contains the optimality conditions for bankers’ choices of equity
raising and consumption: ¢(n) = —1, €#(7) = 0, ¢®(n) = 1+ x, ¢®(7) = 1. These conditions
are discussed in further details in the proofs below that characterize bankers’ optimization.** The
second set of boundary conditions include ¢/ (n) = 0 and ¢ (1) = 0 that rule out arbitrage at the
reflecting boundaries 7 and 77 where the sign of dr is predictable. Therefore, I obtain a total of six
boundaries conditions for the two second-order ODEs and two endogenous boundaries, 7 and 7.
In summary, I have shown that ¢” and ¢* can be solved as functions of 7; and, given that ¢
and th are functions of 7, l;, R;, and z, are all functions of 7, and 7, has an autonomous law of

motion. Thus, a time-homogeneous Markov equilibrium exists.

Proof of Lemma 3, 4, and 7 and Proposition 3 and 5 (banker optimization). First, I derive

the law of motion of 7, give by (16). Banks’ equity have the same drift term, 1",
e =r+x (Ry— 8 —rp)dt,

and the same diffusion term,
E _
0y = IO,

of equity and their payout/issuance rates are the same dy;, so aggregating over banks, the law of

motion of aggregate bank equity E; is given by
dEt = ,uEEEtdt + O'IIEEEtdZt - dytEt.

Given the expected growth rate, A\F' (I;) — 0, which is the investment net of expected depreciation,

the aggregate capital stock, K3, evolves as: dK; = [AF (I;) — d] K;dt + 0 KydZ,. By 1t6’s lemma,

the ratio, 1, = %, has the following law of motion:
Ey

1 1
dnt = —dEt — —th + — <th, th> —

dE, dK,),
K, K2 K3 (dEr, dEy)

K?
where (dX, dY;) denotes the quadratic covariation of diffusion processes X; and Y;, so I obtain
(dK;,dK;) = 0> K2dt, and (dE;, dK;) = oFo E;K,dt. Dividing both sides by 7;, I obtain

dnt dEt th 2 E
— =— — — +o0°dt — o, 0dt.
Tt E, K !

4These set of conditions are similar to those in Brunnermeier and Sannikov (2014) and Phelan (2016).
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Substituting the law of motions of E; and K into the equation above, I obtain Equation (16).
Next, I solve the bankers’ optimization problem. Conjecture the bank’s value function is

linear in equity: v; = gZe;. In equilibrium, the marginal value of equity, ¢”, evolves as follows
dgP = qPuPdt + ¢PoPdz,.
Let dy; denote dctB /e, a consumption-to-wealth ratio. Under this conjecture, the HIB equation is

pudt = glfgé { (1 - CIZB) ]I{dyt>0}6tdyt + (Qf; —-1- X) [{ay,<oyet (—dyt)}

i qf eydt + max {ri+a (R —6—r) —xylo}gledt.

where 7” = —cP. Dividing both sides by ¢”¢;, we eliminate ¢; in the HIB equation,

_ (1—¢P) (¢f —1—x)
p o= max {Tﬂ{dyt>0}dyt + Tﬂ{dyt«)} (—dy;)

+uf + max {Tt +a (R —6—r) — J,’t’thO'} , (A.1)

which confirms the conjecture of linear value function.
When paying out dividend, the bankers receive 1 for consumption, but lose ¢”. Only when

q? < 1, dy; > 0. When the bank issues equity, it incurs a dilution cost. From the existing

B
shareholders’ perspective, one dollar equity is sold to outside investors at a discount price -2—. To

1+x°
A4+x) (=dyt)es
B

raise (—dy;) e; that is worth ¢ (—dy;) e;, the bank must issue shares, and thus, the
t

existing shareholders lose value of ¢” w = (14 x) (—dy) e;. Therefore, the bank raises
equity only if ¢ > 1 + x. the marginal value of equity, ¢°, is a function of the state variable 7.
Bankers’ payout and issuance policies imply that ¢® € [1,1 + x]; otherwise, bankers will pay out
or issue an infinite amount. Let n) denote the state where q? = 1+ x, and 7] denote the state where
qP = 1. It must hold that n<mnandn € [Q, ﬁ} because payout moves 7, at ) upward and issuance
moves 7, downward at 7). The amounts of issuance at ) and payout at 7] exactly offset any variation
in 77, that would otherwise cause 7, to move beyond the two reflecting boundaries 7 and 7.

The optimality of dy; also require that bank owners’ value cannot be further improved at the

boundaries.*> The value of bank equity is ¢® E; = ¢Pn; K; where K is not affected by dy;. At the
d(af'm)
d’l7t

issuance boundary 1, = 0, which is equivalent to

£ =—1 (A.2)

Y

guarantees the marginal impact of issuance on the value of existing shares is zero. At the payout

B
boundary 7, % = 1, which is equivalent to

4See also Brunnermeier and Sannikov (2014) and Phelan (2016) for similar conditions.
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(A.3)
or %ﬁg’“) = 0, guarantees the value of equity declines exactly by the amount of dividends paid out
If these conditions are violated, bankers would adjust the timing of issuance and payout given the
reflection of 7, inconsistent with 7 and 7] being the issuance and payout boundaries, respectively

From the HJB equation, the optimality condition for bank leverage x; is:

Rt—é—rt—vfo <0,
which is Equation (18). The result b, = 0 follows from 2" — ( at 7.
Substituting the optimality conditions for payoutllssuance, dy;, and leverage, ;, and r; = p,
the households’ optimality condition for holding deposits, into the HIB equation, I obtain

gy =p—p

.. (A.4)

B
.

detB d<7 nt ) . dby . ..
i 0, and —an - < 0 (i.e., an < 0 in Proposition 5).
[—1,0] and ¢ monotonically increases in 7, imply: (1) at any , € [1,7), ¢F < 0 and ¢ is
decreasing in 7, (in Lemma 3); (2) b, > 0 in [5,7) and b, = 0 at 77 (in Proposition 3).

By definition, ¢ = Cclg; A 5o I obtain

Next, I prove e € [-1,0]
etB €

2
o2 def _ dqf 07 (qu@> dg’ me
dn,  dn? qf

dn; qf dny qf”
Then using 1td’s lemma on uZ, 1 obtain ddgt Zg = # (1 — €Puf). Substituting out 2 ZE
Iy
using this expression and qt "t by B, 1 obtain
deP 2 2
(i A G OB SO S (A.5)
t

Given the optimality condition for bankers’ choice of z;, i.e., Ry — 0 — 1y

= yP0o and the
equilibrium deposit rate r, = p, p; can be written as

i = p+ay o — AF (L) — 8] — ofo.

Note that o) = 2,0 — o, S0

pi =p—AF () =8| + 7ol + 70 — ol

4Note that z; > 1, i.e., bankers borrow, because bankers are more impatient than households (p > p). Therefore
the equality always holds in equilibrium.
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Substituting 72 = —eZo} (from It6’s lemma) into the expression above, I obtain

wl=p—\F () =] =€l (o)’ = (¢ +1) o]0 (A.6)

On the right side of Equation (A.5) substituting out z; using (A.6), I obtain

deP 2
md_7;t :(0?)2 (Mf - Gfﬂy) - (@?)2 +e
:2,utB —2eB{p— [\F (l;) — 4]} L9 <€tB)2 N 2¢P ((—f + 1) o

(o7)* of

— (etB)Q+ef.

Note that p — [AF (I;) — 0] > %2 due to the parameter restriction p > Amax{F ([)} — 0 + %2

Therefore, substituting p — [AF' (I;) — d] by "72 on the right side and simplifying it, I obtain

deB 2
md—ntt = (uf = ePul) — (P)* + ¢ >

2MtB - EtBUQ ( 3)2 I QEtB (EF + 1) 4 LB
P ZE

With o] = x,0 — 0, the inequality can be further simplified to

de] 2up o’ 2 2
us d;t = (UZ;)Q - (o1)? [_ ((Ef) + ef) (2, —1)* =2 ((ef) + 6?) (xy— 1)+ eﬂ . (A7)

A sufficient condition for % > () 1s that on the right side, the expression in square bracket,
2 2
_<(etB) —1—65)(@_1)2_2((@3) —Q—EtB)(JJt—l)—FEF,

is non-positive. The expression is a quadratic form in (z; — 1). As a quadratic form of (z; — 1), it
achieves the maximum at z; — 1 = —1, i.e., z; = 0, and for x; > 0, this quadratic form decreases

. . 2 . .
in 2. Its value at , = 0 is (¢7)” + 2¢P. Since z; > 0, I obtain

(F)" 26 > = ()" + ) (we =1 =2 ()" + € ) (e = 1)+ €F,

To show the quadratic form non-positive, it is sufficient to show its upper bound (etB )2 +2eP <0,
which requires €2 € [—2,0]. If ¢ € [-2,0], — <(et3)2 - etB> (z; —1)°=2 ((ef)Q + etB> (v, — 1)+

2 ) ) . B B )
e < (ef)” +2¢2 < 0, so Equation (A.7) implies that nt% > (2’; t)g, and from Equation (A.4),
Ot
B __ detB 20 . dEtB detB .
W =L, SO Mg > ( n)g > 0, 1.e., T 0. Therefore, to prove o > 0, the key is to prove
Ot
(4
eB € [-2,0]. Next, I will prove dnjt < 0 1n Proposition 5, and in the process, prove that
B deB
¢ €[-1,0] € [-2,0] and thus 7= > 0.
ion 0 daf 1
By definition, o = dn aP SO
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dgf
A(HF) a2 (dth 1 )2_ qf 1 (€t3)2 (A8)
dn dny dn? qf dn? qf ' '

dne g M
Similarly as before, using It6’s lemma, I obtain d;qu 45 = —2— (P — eP ). Substituting out
M 9 (al’) n?
d;gf qu with this expression and multiplying both sides of (A.8) by n?, I obtain
t t
1), o
d(nt nz_d dne qf 7 = 2u _ 2¢/ Mn_(EB)2 (A.9)
— — " _
doe A (o) (P

A% 5)

Therefore, to prove % > (), it is equivalent to prove the right side is positive.

On the right side of (A.9) substituting out y; using Equation (A.6), I obtain

2uf 268 n [ B\2 2uf 2B B\ 2 2¢B (6tB+ 1) o B\ 2
_ _ > _ _ _ _ )
@7 ot 2 g L PR AR ) ()
(A.10)

Note that p — [AF (I;) — 0] > %2 due to the parameter restriction p > Amax{F (I)} — ¢ + %2

Therefore, substituting p — [AF' (I;) — d] by %2 on the right side and simplifying it, I obtain

e
d(ﬁ) 9 2/43 B 26,{3 "—(ef)2> 2MtB 6502 B)2+2€tB (EtB"’l)U_ (A.11)

’)7 g
dm " (of)? GO C of

—
=
~—

Oy
With o' = x;0 — o, the right side can be simplified, so I obtain

<€tB> g
e ) 9 24 Y [ B\2 2 B\2 B B]
n, > — — (€ xy + (€ —2¢ T + 3¢, | .

To prove that the right side is positive, I analyze the quadratic form — (etB )2 2+ (etB )2 —

2etB _ 1
—2(6,53)2 = -7 The
maximum is (e )2 + 3¢/ + 1, which increases in € for e > —3. Given p = ¢ (Equation (A.4))
d(EtB/ m)
2 i
equal to one. At 17, e8 = —1 and (etB ) + 3¢P + 1 = —1, so the quadratic form is negative and
d(ef /n)
dny

2¢Bx; + 3eP. This quadratic function of z; achieves its maximum at z; =

. . 2 .
and the parameter restriction ¢ > 2”1 obtain > 0 as long as (etB ) + 3€P + 1is less or

I obtain
d(ef /m)

dn 9
contradiction, and thereby, conclude that as 7, increases from 1, (etB ) + 3etB +1<1.

> 0 at 1. As 7, increases from 7), the quadratic form is less or equal to one and

> () as long as fﬁi: stays non-positive (i.e, ¢Z < 0). Next, I will prove ¢ < 0 for any 7; by

~ . EB . EB
Let 7) denote the lowest value of 7, at which {- > 0 and ¢/’ > 0. Since ¢/ = 0 and 5 =
. “ - B d(eB
at 77, so there must exist a state 7, € (7;,77) where = > 0 and %

B
T;t < 0 so that % can decrease
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from positive to zero eventually. Equation (A.11) and (A.4) (,utB = () imply that at this state 7,

20 o? 2 2
T = ()" a7 + ()" — 2¢a, + 37| <0,
t t

which in turn implies that

(ef)2 +3ef +1>— (ef)2xf+ (ef)2 —2ePx; + 3eP > Pt

This inequality implies that 9
(ef)2+365+1——; > 0.
o

3—,/5+4 2 B —3+4,/5+4% 2L

The left side is positive if and only if €? < 5 or €, 5 . Since € > 0 at 7, the

—34, /5442 ,
> 1, A > 0is

former case is relevant. Note that because of the parameter restrlctlon 5

—3+,/5+4 2
% < 0, I obtain €? > T"Q > 0. Once

—3+,/5+4%

2

a positive constant. Therefore, at states where

B . .
o increases above zero, €7 is bounded below by and thus can never fall to zero at 7,

which violates the boundary condition at 7). Therefore, there cannot exist a state 7 where > 0,
SO efg < 0-as etB increases from —1 at 1, it never reaches above zero.
Given that €2 € [—1, 0], I obtain
2 2 2
— (ef) x? + (ef) — 2P, 4+ 3P < (ef) +38+1<1, and
B

€t

E) o 2uf o? B2 o B2 B B 20 — o
n; > — [— () a7 + (&) — 2¢ xt+36t} > >0. (A.12)
dy (o)* (o) (o7)?

dl &=
I have proven €2 € [—1, 0], which 1mp11es 9L - () as previously analyzed, and # > 0.

Proof of Lemma 5. Please refer to the main text.

Proof of Proposition 6. At and 7] 7), ( ‘)

= (0 is from the boundary condition required to rule
out arbitrage opportunities. 7 and 7) are reﬂectlng boundaries, so the variation of 7); is one-sided
and M # 0 implies certain profits.
Next I prove > (0 forn, € (Q, ﬁ). Rearranging the optimality condition (11) for &y, I
obtain K K K X
/ (p+5—ut —olo)=a+ ¢ F ;) — ] — (R —0) L. (A.13)
Note that the optimality condition for /; in Lemma 1 implies that, when the pledgeability constraint
is binding, the derivative of A [¢/F (I;) — l;] — (R, — ) l; with respect to ; is non-negative, de-
noted by &, (i.e., the shadow price of pledgeability constraint), and, when the pledgeability con-
straint is not binding, the derivative of A [¢/ F' (I;) — l;] — (R; — &) [, with respect to [, is zero (i.e.,
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& = 0). Differentiating both sides with respect to 7;, I obtain

do dgX dgX duls do}* dR
dq_; 4 K % K K Ol k_40  _ =246 (A14)
t

—AF (I 0) — — —
(p ( t) + ) dnt /"Lt dnt O—t o qt dnt qt g dnt dnt

Next, I examine the terms on the left side. First, given that

K t n 2 t n
! 2 d77t2 th( ) dny th( )

I obtain
duls  1dPqf 1 (oT)? 1d%¢5 dgi 1 (0T + 1d2¢5 1 d(o7n,)?
— A 7 2 t - 5 t ~ e
dn, 2 dpp i ! 2 dn? dny (gF) " 2 dnf qf  dn
2gK 1 dif\? 1 dg® 1 d(u"
q; _( n t)_ <i) (,u? t) q; - (Mtﬁt)

pin
dnf qf dn ) (gF)? dn, gft dn,

K

da ¥
Then, from o = I

ST,
dﬁ_ﬁfl(n>_@£f Loy daf 1 d(otn),
(

= —t (o —— (ofme) +
dy, — dn? qF U \dn ) (gF)?2 T dny gF d

(o/m), I obtain

Substituting these expressions into (A.14) and simplifying it, I obtain

qu 1 d3qK 1d2qu o )? quK qud ]
Y (o 3P (1) +8) - LU (o2 - LEG L) D A0 )
1t 2 dn; 2 dn; - dy dn dne - dn,
dq dgi* d(o)n,) dR,
_ta _ % -, 2 e,
d/r/tQ (O-t nt) o dnt d’rlt g t dnt + gt
To simplify the notation, define z, = %, S0 2, = d;g:f and z; = d;g::. Moreover, define
d( pne d( o) " R d(on, 2
u = (p—AF(l;) +0) — (Z:hn) — <d:7:7)0’ 0y = o/, and i, = M?Ut—i'((f?ﬁt)(f-{-%%.

Substituting this new notations into the equation above, I obtain

1 dR
56?4’ + fuzy — wz + (—ltd—nt + &) =0. (A.15)
t

Given s > t, define

s s ; dR.
3, = e frmurdry 4 / e~ Jr=iurdr (—zjd—RJ + @) dj.

j=t

Equation (A.15) implies that Z is a martingale. Let T denote the first time after ¢ when 7, hits

either the upper or lower reflecting boundary, i.e., 7' = min {s >tins € {Q, ﬁ} } Therefore,
Zt = 215 = Et [2]"] s

so, because the boundary conditions imply that 2 = 0,
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dgf* T i d
& =2z :]Et |:e fﬂ—T:t quTZT +/ e J7—iurdr < l i + £t> ‘|
dnt j=t d

T )
=E, [ / e~ Ji—rurdr < l; fii +§t> dj} R (A.16)
j=t

Next, I use this expression of q’f to prove £ > 0in (77 77) by contradiction.

The investment functlon, F (+), is a concave function. In the following, I consider a strictly
concave F'(-) and then a linear F(-). Differentiating the credit demand equation in Lemma 1, I
obtain

‘flit - Acfg; F' (L) + A\ F (1) jltt (A.17)
Differentiating this credit supply equation (20) and rearranging the equation, I obtain

dl, 1 dRy db 1

d_m N o2by dn; dn; by

Using this expression to substitute out j—f]tt in Equation (A.17), I obtain

dR, NP (1) MEF (1) + M F (1) < - bx> (e —m) (A.18)
i T A, o

Because F” < 0 and b; > 0 forn; € (Q, ﬁ) (Proposition 3), the denominator is positive. Because

dby

F" < 0, the second term in the numerator is negative. Because .

<0 (Proposition 5) and
ly =y = (zy — 1) n; > 0, the last term in the numerator is negative. Suppose < 0. Then the

first term in the numerator is negative, so dﬁt < 0, which, according to (A.16), 1mphes dﬁt > 0.

This is a contradiction. Hence, I have proved that ‘ij: > (in (ﬂ, 77) under F" < 0.
Next, consider a linear F'(-) (i.e., ' (+) in Section 3.4 with F” (I;) = k). From the optimality

condition on [,
th _ %" dqt

(A.19
d77t d77t )

Suppose % < 0 and I will show contradiction. Then sz_];f < 0 and, from (A.16), % > 0.

Therefore, % = (0 and th is a constant. Using (8) to substitute out R; — ¢ in (A.13), I obtain
“(p+0)=a+A[¢"F () -] —N¢"k—1] L, (A.20)

where, because qK 1S a constant, ,utK and O'tK are substituted by zeros. Therefore, [; is constant
and, thus, (8) implies that R; is constant. With both [/, and Rt being constant, (20) implies that b;
increases in 7;, which contradicts Proposition 5. Therefore, %= > 0.
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Proof of Proposition 7. The investment function F(-) is concave. I will first consider the case
of strictly concave F'(-) and then the case of linear F'(-). First, I prove the results under () < 0.
Differentiating the credit demand equation in Lemma 1,
K

‘;Zt Aiz;t F' (L) + AgS F (1) ;Zf;t. (A21)
Differentiating Equation (20), I obtain

dly 1 dRy db 1

d_77t o2 dn dn by

Using this expression to substitute out @ in Equation (A.21), I obtain

dlt 1 dqt , K 111 dlt dbt 1
— = — [ A—/—F"(l Ag F7 (1 ———(l; = 1.
dn o2b, dny () + A U dny dn; by (e =) +

Rearranging this equation, I obtain

dl, th C;q?;t F' (l,) — jf;tblt (lp—m) +1
S _ e >0. (A.22)
dny 1- oth q F (lt>

At any 7, < 7] because in the denominator, F’ (I;) < 0 and b, > 0 at 1, < 77 (Proposition
3), and in numerator, % > 0 (Proposition 6), F’(l;) > 0, and g—f; < Oatn < 7. AtT,
A g F' (I;) — 1] = p, so I increases in 7, because ¢/ increases in 7; and F () is concave.

Next, I prove the results under F”(-) = 0 (i.e., for linear F'(-)). From (8) and % >0
(Proposition 6), I obtain % > 0. In (20), the left side increases in 7);, while, on the right side, 0,

decreases in 7, so it must be that /; increases in 7;.

Lemma A.1 Given the equation

H
)= %@) | (A.23)

% < 0 forx > 0if H (y) is an increasing function and H' (y) < x.

The proof of Lemma A.1 is as follows. Taking derivative with respect to x on both sides of the

equation and rearranging the equation, I obtain that, if H' (y) < z,

dy y

— =—-——<0. A.24
dz x— H'(y) ( )
Proof of Proposition 8. Because > 0 (Proposition 6), proving that ¢/ < ¢&5 in [n 77) and
q* < ¢B4 at 7 is equivalent to Just provmg q* < ¢B4 at 7. Because €2 = 0 at 77 (boundary
condition), R; — 6 = p atn, = 7 (see (20)). Therefore, from (11), at 1, = 7, the value of capital is

given by
w o= ply+ X [gfF () — 1]
B p+o—(uE +oof)

(A.25)
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From (12),
K a—plpp + X [qppF (Irp) — lrp]

_ A.26
drp PR ( )
By It6’s lemma,
dq 1d%gF 1
p = Gy + L0 Ly (A27)

dm Qt 2 d??f g

Next, I prove that uX < 0 at i, = 7. The first term is zero because (ZI—tK = 0 at , = 7 (boundary

condition). I show that the second term is non-positive (i.e.

< 0 at 5, = 7). There exists an

3] d 2
increasing sequence of {77,1}+ 1 such that hrn 0 7], = 7 and, Vn, o 2 F < 0at Nn- This sequence can
be constructed recursively. Grven a small number €1, there exists at least one 7; € [7] — €;,7) such

in [7 — €1,7) (Proposition 6) and “;th = 0 at 77. Next, for any

integer n > 1, given ¢, such that 77 — €, > 1,1, there exists at least one 7, € [] — €,,7) such that
Mn, again because > 0in [ — €,,7) (Proposition 6) and % = 0 at 77. Note that,

2 K
by constmctlon, M > 1 — €, > Np—1. As long a d qg

lim nn =7

2 K
and, Vn, ° dq; < 0 at n,, together imply that @ qt < 0 at the limit 77; otherwise, there exists a N

(sufficiently large) such that, Vn > N > 0 at n,, (which is in a small neighbourhood of 7,

’d2
o0

contradicting the definition of {», },

By Itd’s lemma,

dq 1
ol = oiny) A28
¢ d77t K ( ) ( )

which is zero at 7, = 77 because % = () (boundary condition). Given pl < 0and o = 0, the

dny
denominator of ¢* (7)) is greater than or equal to the denominator of ¢% 5.

I apply Lemma A.1 this result to comparing two values of y, ¢* and ¢% 5, that correspond,

respectively, to two values of x, p + 6 — (pf + 00 /) and p + &, with
H(y) = max —pl+ AN[yF (I)-1] . (A.29)

By the envelope theorem, I obtain
H' (y) = AF (1) , (A.30)

where [ is the optimal solution. Using (2), i.e., Parameter Restriction I, and the previously proved

puk < 0and o =0, I obtain
H(y)<p+d<p+6—(u +0o0f). (A.31)

Therefore, from Lemma A.1, p+ 0 < p+ 6 — (uf + 00f*) implies ¢/ < ¢F at 7. According to
Proposition 6, ¢/ < ¢}z at 7j implies ¢ < ¢fi5 in [1,7).
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Proof of Proposition 9. The investment function F(-) is concave. I will first consider the case
of strictly concave F'(-) and then the case of linear F'(-). Under /" < 0, the results in Proposition
8 that ¢/ < ¢fig in [1,7) and, at 7, ¢/ < ¢f implies that [; < lpp (I defined in (22) and lpp
defined in (13)) in M, ﬁ) and, at 7, [; < lpp. In the main text, I show that [, < [* in [Q, ﬁ) and,
at 7, l; = [} without the pledgeability constraint. In the presence of the pledgeability constraint,
I; < Ir atm. Next, I consider linear F/(I) = xl. Under A\(¢Ezx — 1) > p (implied by the
parameter condition A(-5 — 1) > p, ¢/* > - in Proposition A.1, and ¢f'5 > ¢{* in Proposition
8)), I obtain I = I. Since | > ¢¥, and ¢¥; > ¢ (Proposition 8), we know that when the
pledgeability constraint binds, I, = ¢/ < | = [pp. When the pledgeability constraint does not
bind, I, < ¢ < ¢E5 <1 =lpp.

Proof of Lemma 6. Please refer to the main text.

Proof of Proposition 10. In the region where the entrepreneurs’ pledgeability constraint does
not bind, x; is given by (24) and, as discussed in the main text, x; is increasing in 7;. I characterize
the range of 7; where the pledgeability constraint binds and how bank leverage behaves in this
region. Lemma 3 shows that dq®(n,)/dn; = 0 at i, = 7, the upper boundary where bankers are
not financially constrained and decides to consume rather than retain equity. Therefore, when 7,
increases to a sufficiently high level and approaches 7, ¢ monotonically declines zero, implying
that z;, given by (24), approaches infinity. Note that bank lending per unit of capital is [, =
x B/ K, = x;m,. Therefore, as 1, approaches 7 driving x; to infinity, we have [, going to infinity
as well, which violates the pledgeability constraint /; < ¢/*.** Therefore, the solution of z; given
by (24) when the pledgeability constraint does not bind cannot hold when 7, is sufficiently close
B
(

to 77 and —e” (1) in the denominator is close to zero; in other words, the pledgeability constraint

must bind when 7 is close to 7, so we have [; = ¢~ (i.e., z; = %() near 7) and the pledgeability

dg™ () _
dny

when 7, is close to 77, the numerator of z; in (25) is increasing at a slower rate than the denominator,

constraint binds. Finally I show z; is decreasing in 7; near 7). From Proposition 6, 0, so,

so x; 1s decreasing in 7).
Proof of Proposition 11. When the pledgeability constraint binds, bank ROE is solved by sub-
stituting out Ry — 0 — r; with %B o (see (18), bankers’ optimality condition) and, in turn, th with

—€B (2, — 1) o (see (19)):

ROE, =r,+ (R, =0 —r)xy = p+0° (—etB) (xy — 1)z, (A.32)

“Capital value, ¢/ = ¢/ (1), is continuous and differentiable function of 7, € [1,7] according to Proposition 8.
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From Lemma 7, € increases in 7;. From Proposition 10, when 7; is sufficiently large, z; decreases
in 7;, which implies the quadratic form (z; — 1) x; decreases in 7, because x; > 1. Therefore, bank

ROE decreases in 7; when entrepreneurs’ pledgeability constraint binds and 7, is sufficiently large.

Proof of Lemma 8. Following Brunnermeier and Sannikov (2014), I derive the stationary prob-

ability density. Probability density of 7, at time ¢, p (7, t), has Kolmogorov forward equation

%p (n,t) = _a% (nu (n) p (n, 1)) + %;—772 (0™ (n)?p (n,t)) .

Note that in a Markov equilibrium, ;; and o' are functions of 7;. A stationary density is a solution
to the forward equation that does not vary with time (i.e. %p (n,t) = 0). So I suppress the time
variable, and denote stationary density as p (n). Integrating the forward equation over 7, p (1)

solves the following first-order ordinary differential equation within the two reflecting boundaries:

0=C—nu"(n)p(n) + di (e (m)*p (). n€ [n.7].

1
2
The integration constant C' is zero because of the reflecting boundaries. The boundary condition for

the equation is the requirement that probability density is integrated to one (i.e. f g n)dn = 1).

Proof of Proposition 12.  At7, I use (18) and (19) to substitute R (77)—d—p with —eZ (7)) (z (7) — 1) 02

in 1" (n) (given by (A.40)), and, form (A.3), €” (77) = 0. Therefore, I obtain

p'@m) =p—[AF (@) —0]—(z(m) —1)0”. (A.33)

Substituting this expression of " (77) and < Tgi) 2’ (77) o into (A.39), I obtain

2 o= DF @) 0]~ (2 () 1) e )+ ()7
p(m) 7 (x (7 ) ’
(A.34)
where [ (77) is substituted with x (77) 77 (i.e., the loan market clearing condition) and ¢” (7) is substi-
tuted with (z (77) — 1) o (see (A.41)). Note that the loan market clearing condition, z (n) n = [ (n),
implies that x (77) + 2’ (77) 7 = I’ (). Therefore, equation (A.34) can be simplified to

T I V=il — (@@ =D @} . (A35)
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Because the pledgeability constraint binds near 7, i.e., [ () = ¢® (n) and dq (n = 0 at 7] (see
Proposition 6), I’ (77) is equal to zero. Therefore, equation (A.35) can be s1mp11ﬁed to

P (M) 21 - 7

— = {p—F(xmn) -0} > 57— >0, (A.36)
p(M 7 (x(m)—1)"0 7

where the second inequality follow the parameter condition given by (2). Therefore, given the

continuity of p’ (1), there exists a neighborhood of 7, denoted by (ng, 7], where p’ (n) > 0, and

thus, the maximum value of p (1) in this neighborhood is obtained at 7.

Proof of Lemma 9. The expected time to reach from 7 is solved below. Define f,, (1) the
expected time it takes to reach 7, starting from n < 7. Define g (1ny) = f, (Q) the expected
time to reach 7y from 7. One has to reach 7 € (ﬂ, 770) first and then reach 7y from 7. Therefore,
g(n) + fuo (n) = g(mo). Since g (no) is constant, we differentiate both sides to have ¢’ (77) =
— [y (n) and g" (n) = — £} (n). From 7, the expected time to reach 7, denoted by f,, (7:), i
decomposed into s—t, and E [ f,, (1s)], i.e., the expected time to reach 7, from n, (s > t) after s—t
has passed. We have f,, (1) equal to E, [f,, (s)] + s — t. Therefore, t + f,,, (1) is a martingale,
50 fy, satisfies the ordinary differential equation: 1+ f; (1) " (n) + %’7)2 . (1) = 0. Therefore,
g (n) must satisfy

" (n)”
) — S (n) = 0.

It takes no time to reach 7, so g ( ) = 0. Moreover, since 7 is a reflecting boundary, g ( ) =0.

L—g" (n)u"(n

Proof of Proposition 13. Consider 2 in the neighborhood of 7, (@ n+ e) where € is a positive
(from the

Tl - 1o
(n) =0,

constant. The boundary condition ¢’ () = 0 implies that, first, ¢” () = -

\_/

@
ODE in Lemma 9) where I use the expression of diffusion of 7, in (16), i.e., 0" (n)
g/

(77) at 1, = n, and, second, by Taylor’s expansion and the boundary condition

g (=)=g @ +3g" () (z—n) +o(z—n) :WJFO(Z—Q) : (A.37)

where let 0 (2 — ) denote the higher order infinitesimal of z — 7, which is smaller than the width
of the neighborhood e. Therefore, for any n € (Q, n+ e), I obtain the expected time it takes to

reach 7 from 7:

g(n) =g (n)+ /n" 9 (2)dz = W +o ((77 —ﬂ)2> ; (A.38)
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where I use the boundary condition, g ( ) = 0, in Lemma 9. Equation (A.38) shows that in a
small neighborhood of 1), the recovery time increases quadratically in the destination state 7 (in the
numerator). More importantly, the recovery time is longer when bank leverage, = (ﬂ), is lower (in

the denominator). Let g denote 1) + €.

Proof of Proposition 14. From the ODE (27) that solves p (7), I obtain

P (n) _ 2 n (N2 2 do” (1) A.39
o - @ ma | (mn—ao"(n)"n—0c"(n)n i (A.39)
From (16) and under the equilibrium condition 7, = p, " (n) is given by
u' () =p+a(n) (R(n) =08 —p)—[AF(L(n) — 8] = (z(n) —1)0°, (A.40)
and o" (n) is given by
o"(n)=(z(n) —1)o, (A41)

which implies that d” (")

(18) and (19) to subst1tute R (n) — 6 — p with —¢? (n) (z (n) — 1) o2 in p" (1), and, form (A.2),
€% (n) = —1. Therefore, I obtain

= ' (n) 0. Atn where the pledgeability constraint does not bind, I use

p' () =p = F (L () = 0] + (x (n) = 1)"0* = p— [AF (L)) = 0] +0" ()" . (A42)

Substituting this expression of 1" ( ) and dangn) =2a (Q) o into (A.39), I obtain

P (n) 21)
L = p— [AF (z — 0| —no"(n) oz’ (n)} , (A.43)
where [ ( ) is substituted with x ( 7n (i.e., the loan market clearing condition). Next, I further

simplify the expression by solving (77)
From (24), % () = -1 and ( ) _ 0, I obtain

A K o o d B
v (n) = ( l (ﬂ); 2 p) : dn(ﬁ) . (A.44)
From (24) and (A.41), I obtain
d B
(0= () - ) . a9
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Substituting this expression into (A.43), I obtain

Z((ﬂﬂ)) (e (ﬂ?ﬂ— 1) o2 {p ~Pre@ - @ defhgﬁ) }
e (n?ﬂ— 1) 02 {p=DF@n) -0 -2 +0"+0" ()°}
oy

i ). o

where the first inequality follows (A.12) and the second follows [ (Q) >0 (and F'(:) > 0).

Finally, we examine the upper bound of % given by (A.46). Equation (24) and ¢” (ﬂ) =
—1 imply that -

(M () r=1]-0)"

2
o (n)” = = (A47)
Therefore, from (A.46), a sufficient condition for p’ () < 0is
A g k—1] —p)°
p+5—27‘—|—02+( la* (1) 5 ) <0, (A.48)
g
which is equivalent to
1 +o\2r—p—06—o02
0 () < -+ proy M’) , (A.49)

and it holds because A [qK (Q) K — 1] — p > 0 (see (23)). It has been proven that p’ (Q) is strictly
negative. This implies that there exists a neighborhood of 7, denoted by (7, 7c) where p’ (Q) < 0.
In this neighborhood, in the interval m, 770) , the stationary density, p(n), is maximized at 7).

Proof of Proposition 15. At7, =1, ¢ = —1 (see equation (A.2)),s0 z; = 1+ (R; — — p) /0?
(see equation (8) and (24)). Therefore, when credit intervention strictly reduces the loan rate, R,
it also strictly decreases bank leverage, z;, at 7. Since bank leverage, x;, is a continuous function
of 7, there exists a neighborhood of 7 where credit intervention reduces bank leverage, ;.

[0

Proposition A.1 (Capital Value Lower Bound) ¢~ > paw R

Proof of Proposition A.1. From Proposition 6, th > gk (ﬂ) Therefore, it is sufficient to prove
¢~ (n) > -%5. Atn, by Itd’s lemma, we have

ko A () p () g (n) (0" () n)° P (n) (o7 (n) m)”
) =T I O N 7 ) M

70



K
where the second equation follows the boundary condition that 4a d7§H> = 0 in Proposition 6. Be-

. s dg™ (n) )
cause, according to Proposition 6, = >0 when 77 > 7, I obtain = > 0, and thus,
m — n

1 (n) > 0. Using the capital valuation equation (11) in Lemma 2, I obtain

a—(R() 0)1(n) +A[q" (n) £ (1 (n)) = (n)]

¢" (n) = (e (1) =6 % 00k (1) (A.51)
_a—(R(n) - )() Ma® () F () —L()] a __a
p— (" (n) —9) o= (W) —0) T p+d

a" (n)

dn

where the second equality follows a = 0 in Proposition 6 and, by Itd’s lemma,

=0, (A.52)

the first inequality follows the fact that the numerator is greater under the optimal [ (Q) than under

[ = 0, and finally, the second inequality follows from p* (Q) > 0, which was previously proven.

B Equity Issuance Costs

Bank equity issuance cost plays an important role in the model. Without this friction, the credit
supply curve becomes perfectly elastic at interest rate p + d, where p (households’ discount rate)
accounts for the time value of money and 9§ is the expected default probability. Under the equity
issuance cost, banks become endogenously risk-averse and charges a loan risk premium. The
elasticity of credit supply increases in the level of bank equity. The cost of equity issuance, Y, is
set to 10% in the numerical solution based on evidence that I review below.

Seasoned equity offering (SEO) incurs three types of costs: (1) the direct costs, including
underwriters’ compensation and other direct costs (e.g., registration, legal, and auditing fees);
(2) underpricing; (3) the announcement effect on total market capitalization (Ritter, 2003). The
underwriters receive compensation for arranging and underwriting an offering of equity securities.
The underwriters’ compensation takes the form of “gross spread”, which is the difference between
the underwriting price received by the issuing company and the actual price offered to the public.
Boyson, Fahlenbrach, and Stulz (2016) calculate that the average gross spread is 5.02% of issuance
proceeds for banks. This number is close to the average of 5.44% across different industries (Lee,
Lochhead, Ritter, and Zhao, 1996). The other direct costs are estimated to be 1.7% (LLee, Lochhead,
Ritter, and Zhao, 1996). In sum, the total direct costs is close to 7% of the issuance proceeds.

The second type of issuance costs is the indirect cost of underpricing, which is estimated
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to be 2.2% of the issuance proceeds averaged across industries (Corwin, 2003). Underpricing
is the practice of listing an equity offering at a price below its marketable value. Smith (1977)
was the first to document significant underpricing for SEOs. Corwin (2003) provides a review
of the theoretical literature of underpricing that involve a variety of model ingredients, such as
uncertainty and asymmetric information, price pressure, manipulative trading, transaction costs,
and conventional derwriting practices such as rounding offer prices.

The sum of direct costs and underpricing is around to 9% of the issuance proceeds. The
parameter of proportional issuance cost, Y, is set to 10% in the numerical solution, which is 1%
above the sum of direct costs and underpricing. This wedge is intended to capture the announce-
ment effect in a conservative fashion. According to the signaling theory in Myers and Majluf
(1984), equity issuance triggers a negative response in the stock market as it signals firm over-
valuation. A large literature on the SEO announcement effect supports the theory. The estimate
of announcement effect is around 2% across industries in the U.S. (Ritter, 2003). Because the an-
nouncement effect is on the issuing firm’s total market capitalization, it can be very large relative to
the issuance proceeds. For example, given an announcement effect of 2%, an equity offering that
is 3.5% of total market capitalization (the sample average from Baron (2020)) triggers a negative
market response that amounts to 57% (= 2%/3.5%) of the issuance proceeds.

However, whether the announcement effect should be regarded as issuance cost is a subject
of debate. One can argue that the negative market response would have occurred without equity
issuance because the management’s opinion regarding firm value may very well be disclosed in
some other manner. Therefore, in the calibration of issuance cost, x, I only set a very value of 1%
of issuance proceeds to capture the announcement effect. Related, for banks, equity issuance can
be motivated by regulatory compliance, so the signaling model may not directly applicable. Kee-
ley (1989), for example, argues that bank regulation reduces the information content that otherwise
would be revealed by a security issuance (in general negative), and consequently stock announce-
ment effects might be less negative for bank SEOs than those of non-banks.** Li, Liu, Siganos,
and Zhou (2016) find the announcement effect of bank equity issuance is around -1%. The passage
of Dodd-Frank Act strengthened regulatory requirement on equity capital and thus diminished the

negative signaling effect of banks’ decision to replenish capital through equity issuance.

“Consistent with this hypothesis, the announcement effect is smaller for banks than non-bank firms. The earlier
studies documented a market negative response of 1.4% to 1.5% (Wall and Peterson, 1988; Keeley, 1989; Wansley
and Dhillon, 1989). The Federal Deposit Insurance Corporation Improvement Act (FDICIA) was enacted in 1991.
Krishnan et al. (2010) find that the announcement effect diminished after FDICIA and regulation-driven equity raising
is associated with a smaller negative announcement effect. The difference in announcement effects between voluntary
and involuntary equity issuance is also found in earlier studies Cornett and Tehranian (1994).
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C Parameter Calibration

The numerical solutions are based on the following parameter values. One unit of time is one year.
Goods produced per unit of capital, «, is normalized to one. Under the constant return-to-scale
production technology, capital represents efficiency units of production. Following Brunnermeier
and Sannikov (2014), I adopt the following parameter values for capital depreciation rate, the size
of shock to capital, and households’ discount rate, setting ¢ to 0.05, o to 0.1, and p to 0.05, respec-
tively. I adopt these commonly used parameter values in the literature so that I can attribute the
novel dynamics in my model to its internal mechanisms rather than drastically different parameter
values. The equity issuance cost, Y = 0.1, is based on the empirical literature (Appendix B).

Bank discount rate, p, which is equal to the expected growth rate of value function in equi-
librium, is set to 0.1 in line with the average stock return of US banks.>® Note that the Hamilton-
Jacobi-Bellman (HJB) equation (A.1) in Appendix A shows that the expected growth rate of bank
value function, i.e., bank shareholders’ value, is equal to p.3!

The parameters, A and « are related to firms’ credit needs and how profitable it is to create
new productive capital. For the lack of direct counterparts in the literature, I calibrate these param-
eters targeting leverage (debt-to-total assets ratio) and valuation (equity price-to-earnings ratio) of
US nonfinancial firms that reflect, respectively, firms’ demand for debt financing and profits from
creating efficiency units of production (capital). Specifically, I set A to 0.01 and « to 0.65 such that
the average firm leverage and equity price-to-earnings match data.’> Li (2025) reports a ratio of
bank loans to total assets equal to 19% (see also Lian and Ma (2021)).%* Ben-David and Chinco
(2024) reports a price-to-earnings ratio of 16 for the median firm. For the decreasing return-to-
scale investment technology, parameters are set so that it stays close to the baseline investment
technology with constant return-to-scale, so I set £ and ~; to 0.66 and 0.99, respectively.

The parameters discussed so far are for the numerical solutions of the laissez-faire economy
in Figure 4. The numerical solution of the economy under credit intervention in Figure 5 requires
the following parameters of credit policy, 7, wo, and w;. The threshold, 7¢, is set to 0.5, so

the government intervenes at around -1% growth rate of the economy. For comparison, the an-

S9The Dow Jones U.S. Banks Index is designed to measure the stock performance of U.S. banks (Bloomberg Ticker:
DJUSBK). As of October 5th, 2025, the ten-year average annualized return is 9.22%.

3I'The calibration of 7 is also consistent with Gertler and Kiyotaki (2010) who set a bank exit rate to 0.1, as idiosyn-
cratic Poisson-arriving exit is isomorphic to exponential discounting.

>The average values are calculated under the stationary distribution of 7); that will be formally introduced later.
The debt-to-asset ratio is I; /g, i.e., the ratio of credit per unit of capital scaled by capital value. The equity price-
to-earnings ratio is computed as follows. One unit of capital is worth ¢/ with debt I;, so equity is ¢/ — I;. Annual
expected (“forward”) earnings from one unit of capital is given by o — d¢* — (R; — 6)l;, where the first term is the
production flow, the second term represents the expected capital destruction, and the last term represents debt costs.

»3See Table D.1 in Li (2025) where firms are classified into those that have tangible (collateral) assets and rely
on bank credit to finance investment and those whose production is more dependent on intangibles and investment
financed by internal cash holdings. The former category has a bank loan-to-total assets ratio of 0.19.
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nual growth rate of US real GDP in 2020 was -1.02%, when credit intervention in the U.S. took
place in response to the Covid-19 pandemic. As a reminder, the government intervenes when the
private-sector credit intermediation capacity, given by 7, is below 7. There is no direct empirical
counterpart for the threshold, so 7 is set to a reasonable value for the purpose of demonstrating
the qualitative predictions of the model rather than to perfectly mimic policy in practice. Moreover,
I set wy and wy to 0.97 and 1.95, respectively. The first discipline for these two parameters is to
have the scale of intervention equal to zero at the threshold 7. The second discipline is from the
observed scale of intervention during the Covid-19 pandemic in the U.S. Under these parameters,
the scale of credit intervention is 11% of firms’ total debt when the growth rate of the economy is
-3%. For comparison, the (annualized) quarterly growth rate of US real GDP in 2020 ranged from
-7.5% to 1.3%. The scale of intervention in 2020 is 1.35 trillion dollars, which is 11% of the total
debt of U.S. nonfinancial corporate business that is around 12 trillion dollars (FRED, 2024).>*

D Welfare

The welfare at time ¢ is given by (29). Conjecture that W, = 6(n,) K;, where K, evolves as

dK.
ek A utht + odZ;, (D.53)

K
where X = F(I;)\ — 4. I conjecture that in equilibrium, §; = 0(n;) K evolves as

th = ,uf@tdt + Uf@tdZt7 (D54)

where ¢ and of will be determined endogenously. Given the law of motion of K; and 6;, the

following HJB equation holds:
p=(a—My)/0 4+ 1l + S + 600 = (a = M) /0, + 1 + F(I)A — 6 + oo (D.55)
Rearranging the HJB equation, I obtain
p— (Wl —6+0l0) = (a— \,) /0, + F(I,)\, (D.56)

where the right side contains #; and [, that can be solved by the credit-market clearing condition

as functions of 7;, the first derivative of ¢®(1,), and ¢” (1;)(see Appendix C). Therefore, given the

>4The Fed set up around 2.3 trillion credit support decomposed into 0.6 trillion in MSLP, 0.75 trillion in PMCCF and
SMCCE, and 0.95 trillion in PPP Liquidity Facility (Li and Li, 2025). I sum up the credit support via MSLP, PMCCEF,
and SMCCEF and leave out PPP which is essentially subsidy rather than government lending to firms at market rates.
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solutions of ¢?(n;) and ¢ (,), the right side contains 6(n;) and the rest is a function of 7.

On the left side of the equation (D.56), by 1t6’s lemma, 1{ = p%(n;) can be written as

ILLG (nt) — d9 (7715) /’Ln (T]t) Th + d20 (nt) (0-77 (T]t) nt)Q, (D.57)
dne 0 (ne) dn? 20 ()
and 0 = o?(n;) can be written as ¢? (1;) = %%, where " () and o (1),) are functions

of 7, and given in the law of motion of 7; (16). Therefore, I have shown that the equation (D.56) is
a second-order differential equation for 6(7;). In summary, I conjecture W; = 6(n,) K, and under
this conjecture, I have shown that a function 0(7);) exists as a solution to the second-order differ-
ential equation (D.56), thus confirming the conjecture. Solving the welfare function (a conditional
expectation) is equivalently to solving the differential equation (D.56). This is similar to the classic

result of Feynman—Kac formula.
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